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Abstract 

Let G be a simple algebraic group of exceptional type, over an algebraically closed field 
of characteristic p > 0. A closed subgroup iL of G is called G-completely reducible (G-cr) if 
whenever H is contained in a parabolic subgroup P of G, it is contained in a Levi subgroup of 
P. In this paper we determine the G-conjugacy classes of non-G-cr simple connected subgroups 
of G when p is good for G. For each such subgroup X, we determine the action of X on the 
adjoint module L{G) and the connected centraliser of X in G. As a consequence we classify all 
non-G-cr connected reductive subgroups of G, and determine their connected centralisers. We 
also classify the subgroups of G which are maximal among connected reductive subgroups, but 
not maximal among all connected subgroups. 
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1 Introduction 

Let G be a connected reductive algebraic group defined over an algebraically closed field K. Follow¬ 
ing Serre [28], a closed subgroup A of G is said to be G-completely reducible (G-cr) if whenever X 
is contained in a parabolic subgroup P of G, it is contained in a Levi subgroup of P. If G = GL{V), 
a subgroup X is G-cr if and only if F is a completely reducible iLA-module, and thus G-complete 
reducibility is a generalisation of the standard notion in representation theory. Similarly, X is called 
G-irreducihle if X is not contained in any proper parabolic subgroup of G, and G-indecomposable 
if X lies in no proper Levi subgroup of G. The G-cr subgroups of G are precisely the L-irreducible 
subgroups of L, where L ranges over the Levi subgroups of G [U Corollary 3.5]; the case L = G 
yields the G-irreducible subgroups. 

By a theorem of Borel and Tits O Theoreme 2.5], a G-cr subgroup is necessarily reductive. The 
converse is true provided that the characteristic of K is zero or large relative to the root system 
of G (cf. HSllMlUS] and m Theorem 4.4]); thus non-G-cr reductive subgroups are inherently 
a low positive characteristic phenomenon. In this paper we consider a weak restriction on the 
characteristic. Recall that Char(iL) is called bad for G if it is prime and divides some coefficient 
when the highest root in the root system of G is expressed as a sum of simple roots, and good for 
G otherwise. A number of useful subgroup structure results hold precisely when p = Char(iL) is 
good for G. For instance, a result of Bate, Martin and Rohrle (Lemma 13.2p states that if p is good 
for G then a closed subgroup of a subsystem subgroup H is G-cr if and only if it is H-cr. Good 
characteristic is therefore a natural first scenario to consider when studying non-G-cr subgroups. 

Now let G be simple. When G has classical type, understanding reductive subgroups of G 
amounts to understanding the finite-dimensional representation theory of reductive groups. In this 
paper we consider G of exceptional type, where much more explicit results can be expected. The 
bad primes here are 2 and 3 for all exceptional types, as well as 5 for Fg. A result of Liebeck and 
Seitz [TSl Theorem 1] states that if p > 7, then every closed connected reductive subgroup of G is 
G-cr. In fact, if G is of type G 2 or F 4 , then p > 3 suffices, and hence for these types all connected 
reductive subgroups are G-completely reducible in good characteristic. This fails for G of type 
Eq, Ey or Eg. Indeed, it is shown in m Corollary 2 ] that if p is good for G then there exists a 
non-G-cr simple subgroup A of G if and only if either A is of type Ai with p = 5 or 7, or A is of 
type G 2 with p = 7 and G = Ej or Fg. In this paper we classify all non-G-cr simple subgroups in 
these cases. The results are the following. The tables referenced in the statements can be found in 
Section uni on page |58l 
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Theorem 1. Let G be a simple algebraic group of type Eq in good characteristic p, and let X be 
a non-G-cr simple subgroup of G. Then p = b, X is of type Ai, and X is Ant{G)-conjugate to 
exactly one subgroup listed in Table{TJl all of which are non-G-cr. 

Theorem 2. Let G be a simple algebraic group of type Ej in good charaeteristic p, and let X be a 
non-G-cr simple subgroup of G. Then either p = 5, X is of type Ai, and X is conjugate to exactly 
one subgroup listed in Table{T^ or p = 7, X is of type Ai or G 2 , and X is conjugate to exactly one 
subgroup listed in Table [73 or m The subgroups in these tables are all non-G-cr. 

Theorem 3. Let G be a simple algebraic group of type Eg in good characteristic p, and let X be a 
non-G-cr simple subgroup of G. Then p = 7, X is of type Ai or G 2 , and X is conjugate to exactly 
one subgroup listed in TableUE or[I^ all of which are non-G-cr. 


The tables in Section uni contain additional information on the non-G-cr simple subgroups in 
question. For each such subgroup X, we determine the X-module structure of the adjoint module 
L(G) and of a non-trivial module of least dimension when G = Eq or Ej. We also determine the 
connected centraliser of each non-G-cr simple subgroup, which allows us to extend our results to a 
classification of all non-G-cr connected reductive subgroups of G. In the subsequent corollaries, we 
are therefore able to make a number of observations concerning general reductive subgroups of G. 


Theorem 4. Let G be an exceptional simple algebraic group in good characteristic, and let X be a 
non-G-cr connected reductive subgroup of G. Then one of the following holds: 

(i) X is simple, 


(ii) X is Aut{G)-conjugate to a semisimple subgroup in Table\l7. 

(hi) Z(X)° 7 ^ 1 and X is Aut(G)-conjugate to a subgroup in Table[IR 

Each subgroup X in Tables IE and M denotes a unique Aut(G)-conju^acy class unless stated 
otherwise, and all such subgroups are non-G-cr. 


The proof of Theorems [IH3] generalises the strategy developed in |35j . which classifies non-G-cr 
connected reductive subgroups when G has type F 4 with p = 2 or 3. An outline is as follows. For 
each proper parabolic subgroup P of G, with unipotent radical Q and Levi factor L, we find all 
L-irreducible simple subgroups of type Ai or G 2 . This uses standard representation theory when L 
has classical simple factors, and results of the second author [36l [37j when L has exceptional simple 
factors. For each such L-irreducible subgroup X, we then study the cohomology set H^{X,Q), 
which parametrises the Q-conjugacy classes of complements to Q in QX. This is the most technical 
part, and is discussed in detail in Section [3l In each case, we either describe H^{X,Q) explicitly, 
or we determine sufficient information to limit the number of conjugacy classes of subgroups of P 
which are isomorphic to X and not conjugate to a subgroup of L. Finally we construct explicit 
representatives of each class of subgroups, for instance through known embeddings into a proper 
reductive subgroup as in Corollary [ 6 ] below. 

We note that the techniques described in Section [3] relating to H^{X, Q) are equally valid in bad 
characteristic. In addition, we still have explicit descriptions of the simple L-irreducible subgroups 
of each Levi subgroup L in this case. However, results along the lines of Lemma 13.21 which are 
intrinsic in our construction of non-G-cr subgroups, can fail in bad characteristic. Thus extending 
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Theorems mm to bad characteristic presents considerable technical difficulties which do not arise 
here; we intend to explore this in future work. 

We now present a series of consequences of Theorems dHU We begin with an observation on 
how simple subgroups of G act on certain G-modules of small dimension. Recall that a module for 
a reductive algebraic group is called tilting if it has a filtration by Weyl modules and a filtration 
by dual Weyl modules. As defined in Section O the notation rW denotes a twist of the module V 
by a p®-power Frobenius morphism. Our first corollary extends Theorems 3 and 4 of |19j . which 
treat the case where X is G-cr: 

Corollary 5. Let G he an exceptional simple algebraic group in good characteristic p, and let X he 
a simple subgroup of G. Then L{G) f X is a direct sum of modules of the form 0 • • • <8) 
and exactly one of the following holds: 

(i) Each Vi is a Weyl module, a dual Weyl module or a tilting module, 

(ii) p = 7 and X = G 2 is a maximal subgroup of G = 

(iii) p = 7 and X = G 2 is a non-G-cr subgroup of G = Eg contained in a maximal subgroup G 2 F 4 
(see Theorem W- 

The subgroups in (ii) and (iii) are genuine exceptions, unique up to conjugacy in G, and both 
are listed in iia Theorem 4], although the subgroup in (iii) was not shown to be non-G-cr at that 
time. 

Remark 1.1. In m Theorem 4], the tensor factors in the direct summands of L{G) X arise 
from a factorisation X^XxXx...xX^G of the inclusion of X into G. Inspecting the first 
and second columns of Tables [TTHI 6 I shows that in good characteristic, the same holds for non-G-cr 
subgroups X] if L{G) | X has a summand which is a tensor product 0 rJ^^, then X = Ai lies 
in a subgroup AiAi of G, such that R is a Weyl module, dual Weyl module or tilting module for 
the i-th factor of this subgroup. 

Remark 1.2. Inspection of Tables [TT1414I also shows that if G = Eq or Ej and X is non-G-cr then 
bG'(-^i) i Ai (resp. Rg(A 7 ) 4- X) also satisfies part (i) of the above corollary. 

Next, we consider overgroups of the non-G-cr subgroups arising. In the following, a subsystem 
subgroup of G is a semisimple subgroup which is normalised by a maximal torus of G. 

Corollary 6. Let G be an exceptional simple algebraic group in good characteristic p, and let X 
be a non-G-cr connected reductive subgroup of G. Then exactly one of the following holds: 

(i) The semisimple subgroup X' is properly contained in a proper subsystem subgroup of G, 

(ii) p = 7 and X = Ai lies in a maximal subgroup A 1 G 2 of G = Ej, 

(iii) p = 7 and X = G 2 is maximal among proper connected reductive subgroups of G = E-j, 

(iv) p = 7 and X = G 2 lies in a maximal subgroup G 2 T 4 of G = Eg. 
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Therefore a connected subgroup of G which is maximal among connected reductive subgroups, is 
either a maximal connected subgroup of G, a Levi factor of a maximal parabolic subgroup of G, or 
is conjugate to the group X in (iii). 

The subgroups X in (ii), (iii) and (iv) are each unique up to conjugacy in G, and their embed¬ 
dings are described in Table\T^\^ and\T^ respectively. 

Our next result describes certain chains X < M < G where X and M are reductive and X is 
G-indecomposable and M-irreducible but not G-irreducible. This contrasts with Lemma [3.2l which 
tells us that M cannot be a subsystem subgroup of G. The notation for embeddings in Table [T] is 
defined in Section [2j 

Corollary 7. Let G be an exceptional simple algebraic group in good characteristic p. Let X < M 
be connected subgroups of G such that M is maximal among proper connected reductive subgroups 
of G, and X is M-irr and non-G-cr. Then G, p, X and M appear in Table\^ and all such chains 
X < M < G satisfy the given hypotheses. 


Table 1: Chains X < M < G where X is non-G-cr 


G 

P 

M 

A 

Embedding of A in M 

Ee 

5 

A 2 (2 classes) 

Ai A 1 A 5 via (1,1T(5)) (resp. (1,1T(5)*)) 

via 2 

El 

5 

AiAi 

Ai A 2 A 5 via (2,1T(5)) 

via ( 1 , 1 ) 


5 

A 2 

Ai < A 7 via W (7) 

via 2 

El 

7 

non-G-cr G 2 

X = M = G 2 

- 


7 

A 2 ; non-G-cr G 2 

Ai < A 7 via W (7) 

via 2 ; via 6 


7 

A 1 G 2 ; G 2 G 3 

Ai A 1 G 2 via ( 1 , 6 ) 

via (1, 6 ); via ( 6 , 5) 

Eg 

7 

B 2 

Ai < Ag via W ( 8 ) 

via 4 


7 

G 2 F 4 

G 2 ^ G 2 G 2 max G 2 E 4 via ( 10 , 10 ) 

- 


Recall from m that a simple subgroup X of an exceptional simple algebraic group G is called 
restricted if either X = Ai and each high weight of a composition factor of L[G) f X is at most 
2p — 2, oi X 7 ^ Ai and whenever a high weight of a composition factor of L(G) -T is expressed as 
a sum of fundamental dominant weights, each coefficient is at most p — 1. A semisimple subgroup 
is then called restricted if each of its simple factors is restricted. Our next corollary complements 
Theorem 1.1 of m, which tells us that a restricted subgroup of type Ai (called a “good Ai” there) 
is G-completely reducible. 

Corollary 8. Let G be an exceptional simple algebraic group in good characteristic p, and let X 
he a restricted semisimple subgroup of G. Then either X is G-cr, or p = 7 and X has type G 2 or 
A 1 G 2 . In the latter cases, every such non-G-cr subgroup X is restricted. 

The connected centraliser of a G-cr subgroup is reductive [3l Lemma 3.12], and it follows that 
a G-cr subgroup has trivial connected centraliser if and only if it is G-irreducible. Theorems [THl] 
allow us to classify those connected reductive subgroups of G that have trivial connected centraliser 
but are not G-irreducible. 
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Corollary 9. Let G he an exceptional simple algebraic group in good characteristic p, and let X be 
a semisimple subgroup ofG. Then Gg{X)° = 1 if and only if X is either G-irreducible or conjugate 
to one of the non-G-cr subgroups in Table\M 


Table 2: Non-G-cr semisimple X with Cg{X)° = 1. 


G 

P 

Non-G-cr subgroup 

Eg 

5 

Til via (iM,IF( 5)H) or (iM, (IF(5)*)H) (rs = 0) 


5 

AiAi < AiAg where Ai < A^ via IT(5) or IF(5)* 

E-r 

5 

Til ^ 712 TI 5 via (2M,IT(5)H) {rs = 0) 


5 

^ 1^1 < A 2 AG where t1i < A 2 via 2 and Ai < A^ via VF(5) 


5 

^ 2^1 < A 2 AG where Ai < A^ via IF(5) 


7 

Ai ^ A 1 G 2 via ( 1 , 6 ) 

Es 

7 

Ai < As via W ( 8 ) 


7 

Til ^ A 1 A 1 G 2 < AiEr via (lM,iW, 6 W) (r / s; rs = 0 ) 


7 

^iG 2 < AiEy where G 2 < £7 is non-£ 7 -cr (see Theorem [2|) 


7 

G 2 G 2 G 2 < G 2 E 4 via ( 10 , 10 ) 


Remark 1.3. Theorems dHU in fact classify all non-G-cr connected subgroups in good characteristic 
with reductive centraliser. In particular, in good characteristic every connected reductive subgroup 
of G = £^6 has a reductive centraliser, but this is not true for G = Ej and E^. 

Remark 1.4. For a reductive subgroup X of G, let S' be a maximal torus of Cg{X) and let 
H = Cg{S). Then H is minimal among Levi subgroups of G containing X (possibly H = G). We 
observe that for each non-G-cr subgroup X appearing in Theorems HHH the reductive subgroup 
Gg{H') is a complement to the unipotent radical of Gg{X)°. We are not aware of a general reason 
for this phenomenon. Note that S is also a maximal torus of Gg{H'), hence Gg{X)°/Ru{Gg{X)°) 
and Cg{H') necessarily have the same rank. 

Remark 1.5. In the corresponding scenario with G of classical type, we do not expect to be able 
to classify non-G-cr subgroups X with Gg{X)° = 1. For instance, if 1/ is a non-trivial irreducible 
X-module with H^{X,V) ^ 0, then X occurs as a non-G-cr subgroup in a maximal parabolic 
subgroup of G = SLfV © K). The corresponding unipotent radical is isomorphic to V as an 
algebraic X-group, hence Gg'(^)° contains no unipotent elements, and is therefore a torus. Since 
X does not lie in a proper Levi subgroup of G, it cannot centralise a non-trivial torus, and so 

CG{xr = 1. 

Lastly, we make an observation on the number of G-conjugacy classes of semisimple subgroups. 
In principle, if P is a parabolic subgroup of G with Levi decomposition P = QL, and X < Lis sea. L- 
irreducible reductive subgroup, then the conjugacy classes of complements to Q in QX can depend 
on the cardinality of the underlying algebraically closed field K. For instance if dim.H^{X,V) = 
n > 2 for some irreducible X-module V, then X occurs as a subgroup of SL{V © K) with image 
in a maximal parabolic subgroup P = QL, where L = GL{V) and Q = V SiS algebraic X-groups. 
The quotient of H^{X, Q) by the action of Z{L) is a projective variety over K of dimension n — 1, 
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parametrising conjugacy classes of complements to Q in QX. We observe that this phenomenon 
does not occur for exceptional groups in good characteristic: 

Corollary 10. Let G be an exceptional simple algebraic group in good characteristic p, let P he a 
parabolic subgroup of G with Levi decomposition P = QL, and let X < L he an L-irreducible simple 
subgroup. Then complements to Q in QX fall into finitely many G-conjugacy classes of subgroups. 

As a consequence of [221 Theorem 3], every Levi subgroup L of G has either finitely many 
L-irreducible simple subgroups of a given isomorphism type, up to L-conjugacy, or a countably 
inhnite number, depending on a choice of a finite number of field twists. The following is thus 
immediate from Corollary 1101 

Corollary 11. Let G be an exceptional simple algebraic group, over an algebraically closed field K 
of characteristic p which is good for G. Then G has countably many conjugacy classes of connected 
reductive subgroups. 

In particular, the classes of non-G-cr simple subgroups occurring are as follows: Countably 
infinitely many classes of subgroups Ai when {G,p) = {Eq,5), {Et, 5) or (Eg,!); two classes of 
subgroups Ai and one class of subgroups G 2 when {G,p) = {E-j,!); and two classes of subgroups 
G 2 when {G,p) = {E^,I). 

Note that the corresponding result does not hold for exceptional groups in bad characteristic, 
for instance if K has characteristic 2 or 3 then by m Theorem 1(B)] the group E 4 ^{K) has a 
series of pairwise non-conjugate non-G-cr subgroups of type Ai, parametrised by closed points of 
a positive-dimensional variety over K. 


2 Notation 

Throughout, G denotes a simple algebraic group over an algebraically closed field K of characteristic 
p > 0, where p is good for G. Subgroups of G are taken to be closed, and homomorphisms are 
taken to be morphisms of varieties. For us, “simple” and “semisimple” subgroups of G will always 
refer to connected subgroups. In addition, conjugation will always be a left action. 

Let be set of roots of G, with respect to a hxed maximal torus T < G. Let LI = {ai,..., a;} 
be a base of simple roots corresponding to a choice of Borel subgroup containing T, and let W (G) = 
Ng{T)/T be the Weyl group of G. Let {Ai,..., A;} be the set of fundamental dominant weight of 
G. We use the Bourbaki ordering on nodes of the Dynkin diagram, cf. [U Ch. VI, Planches I-IX]. 
We sometimes use 0102 ... a; to denote either a root aiai + 02012 aiai or a dominant weight 

aiAi -|- a 2 A 2 + ... + OiA;; context will prevent ambiguity. 

For a root a, we make the following definitions. The Weyl group W(G) acts on the left on 
Z<I> K, and we let Sa denote the reflection in the hyperplane perpendicular to a. We let Ua = 
{xait) : t € K} denote the T-root subgroup of G corresponding to a, and for t G K* we let 
Uait) = Xa{t)x-a{—t~^)xa{t) € Ng{T), SO that na{t) maps to Sa G W{G) under Ng{T) —>■ W{G) 
(cf. O §6.4]). We set Ua = nail). Furthermore we let hait) = na{t)nai—l) G T. If a = a* is a 
simple root, we set s* = Sq,., and similarly Ui = riQ. and hiit) = haiit). 


For a dominant weight A, we denote by Vg'(A) (or just A) the irreducible G-module of highest 
weight A. Similarly, the Weyl module of highest weight A is denoted bF(A) = IFg'(A), and the tilting 
module of highest weight A is denoted by T(A). The dual of a G-module y is 1^* = Hom;^(l/, iF). 
If y = Y 1 Y 2 ... Yfe is a commuting product of simple algebraic groups, then iVi ,..., I 4 ) denotes 
the y-module Vi ® ■ ■ ■ ®Vk where is a li-module for each i. Let F : G —>■ G be the Frobenius 
endomorphism of G which acts by sending the root element Xq(c) to Xa(c^}, and let y be a G- 
module afforded by a representation p : G ^ GL{V). Then yM denotes the module afforded 

by the representation pM p o . Let Mi,..., be X-modules and mi,..., m^ be positive 
integers. Then M™^/.../M™'' denotes an X-module having the same composition factors as 
© ... © M™*". Furthermore, V = Mi \... \Mk denotes an X-module with a series y = Fi > 
y 2 > ... > Vfc+i = 0 of submodules such that soc(y/y+i) = VijVi+i = Mi for 1 < z < fc. Finally, 
we let L{G) denote the adjoint module for G, which is always irreducible for G of exceptional 
type when p is good for G. For G of type Eq we set y 27 = yG(Ai), and for G of type F'y we set 
^56 = ^g(A7). 

The notation Ai denotes a subgroup Ai of G which is generated by long root subgroups; we 
use this to help keep track of simple factors in semisimple groups. If the root system of G contains 
short roots, then Ai and A 2 are used to denote subgroups generated by short root subgroups. 

Let J = 0 :^ 2 ,..., ajA F 11 and define <1*j = $nZJ. Then the standard parabolic subgroup 

corresponding to J is P = Pjij 2 ...jr — : a € U $+). The Levi decomposition of P is P = 

QL where Q = = Ru{P) = {Ua ■ a G \ $j), and L = Ljija...© = {T,Ua ■ a € $j) 

is the standard Levi complement. If the semisimple subgroup L' has Lie type X, for brevity we 
refer to P as an “X-parabolic subgroup of G”, so for instance the parabolic subgroup of G = Pg 
corresponding to the roots { 02 , as, 04 , as} is a P 4 -parabolic subgroup. 

For a standard Levi subgroup L, we use the following notation. If Lq is a simple component 
of L then the simple roots for Lq are a subset of 11, say T = {a},..., a(^}. Order 11 according to 
ai < aj if i < j. If Lq has Lie type Am, the embedding is chosen such that a} is the least simple 
root of G contained in T. If Lq has type Pg or P 7 , then a( = a^ for all i. If Lq has type P 4 then 
(a}, a' 2 , 03 , a'A = (a 2 ) a 4 , as, as). If Lq has type P 5 then (a}, a' 2 , 03 , a^, Og) = (ai, as, a 4 , as, a 2 ) or 
(og, as, 04 , as, 02 ). If Lq has type Pg then (a}, a' 2 , afj, a^, a^, ag) = (a 7 , ag, as, a 4 , as, a 2 ). Finally, 
if L has multiple components of the same type, then these components are ordered according to the 
position of their least simple root “a}” as an element of 11. For instance, if G = P 7 and L = Li 2 S 67 
is a Levi subgroup of type AjAiAq, then the first Ai factor corresponds to ai, and the second to 
a 2 . 

For i > 1 we define the subgroups 



The i-th level of Q is Vi = Q{i)/Q{i + 1), which is central in QjQii + 1). By [21 Theorem 2 ] each 
level of Q has the structure of a completely reducible L-module. The level of a root 7 = 
is the sum height of 7 is Xlaen 

When G has type P 7 or Pg, we will need to distinguish between certain isomorphic subsys¬ 
tem subgroups of G. In E^ there are two conjugacy classes of Levi subgroups of type A^, with 
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representatives = L 24567 and A'^ = -L 34567 , where our notation follows that of [HI Table 8.2], 
These subgroups have connected centralisers CciA^y = ^42 and CciA'^Y = ^iTi where Ti is a 
l-dimensional torus. Furthermore A'^ is contained in a subgroup Eq whereas A^ is not. In Eg there 
are two conjugacy classes of subgroups Aj, with representatives the Levi subgroup T 1345678 , which 
we denote by A-^, and a subgroup A'^ which is a subsystem subgroup of a Levi subgroup Ej. Then 
Cg{Aj)° is a 1-dimensional torus, and CciA'-^Y = Ai. 

Next, suppose that G is of classical type or of type G 2 , and that X has type Ai or G 2 . Then 
the notation “X < G via M” denotes an embedding X ^ G such that Vg'(Ai) | X = M. Since 
p / 2 throughout, this determines the image of X up to G-conjugacy, unless G has type Dn, in 
which case there are potentially two G-conjugacy classes with this action and we use this notation 
to refer to both simultaneously, specifying additional information when appropriate. 

Now let Y = H 1 H 2 ■ ■ ■ Hj~ be a commuting product of simple subgroups Hi all having the same 
type, Ai or G 2 . Then the simply-connected cover of T is T = H x H... x H (k terms), where H 
is simply-connected of type Ai or G 2 . We have a natural isogeny Y ^ Y, and a diagonal subgroup 
of Y is the image in T of a subgroup of the form ... ,(f>i^{h)) : h € H}, where each (fi 

is an endomorphism of H. By |31l Chapter 12], an endomorphism of LI is a product of an inner, 
graph and field morphism. Since Ai and G 2 have no non-trivial graph automorphisms, to specify 
a diagonal subgroup of Y up to T-conjugacy it suffices to specify non-negative integers ri,... ,rfc, 
and we then take 4>i = T’’* for each i. A diagonal subgroup A of T is thus denoted by “A Y 
via 

Taking this further, let A have type Ai or G 2 , and let Y = H 1 H 2 ■ ■ ■ H^ {k > 1) be semisimple, 
where each simple factor Hi is classical or of type G 2 . Then “A ^ Y via ..., 

denotes a diagonal subgroup of Ai ... A^, with held twists ri,..., r^, where each Aj has the same 
type as A, and Aj < Hi via Mi. 

When discussing the centraliser of a subgroup A of G, we will use the notation Ui to denote 
an i-dimensional unipotent group, and Tj to denote a j-dimensional torus. For instance Gg{X)° = 
U^Ti means that Gg{X)° has a 5-dimensional unipotent radical, with corresponding quotient a 
1 -dimensional torus. 


3 Preliminary Results 

3.1 Exhibiting non-G-cr subgroups 

In this section we present preliminary results required for the proofs of Theorems [IHH] and their 
corollaries. The hrst of these limits the isomorphism types of non-G-cr simple subgroups occurring. 

Lemma 3.1. Let G he an exceptional algebraic group in good characteristic p, and suppose G 
has a non-G-cr simple subgroup of type A. Then {G,X,p) is one of {Eq, Ai,5), {E'r,Ai,5 or 7), 
{Ej,G 2,7) or{Es,Ai or G 2 , 7). 


Proof. This follows immediately from |18l Theorem 1] and [331 Theorem 1], the latter result ruling 
out the possibility {Ej, A2,5). □ 
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Recall that our basic strategy for finding non-G-cr subgroups of G is to iterate through the 
parabolic subgroups P = QL of G, letting X be an L-irreducible subgroup Ai or G 2 of L, and 
then studying complements to Q in the semidirect product QX. We derive an upper bound for 
the number of such complements (up to G-conjugacy), and it then remains to exhibit an explicit 
representative of each conjugacy class of subgroups. The next result allows us to quickly find such 
representatives. 

Recall that a simple group H of classical type is related by isogenies to a special linear, or¬ 
thogonal or symplectic group, say Cliy). For p 7 ^ 2, a subgroup X of CliV) is G/(y)-cr if and 
only if R is a completely reducible X-module (cf. Lemma 1,1.41 below). Since complete reducibility 
is well-behaved with respect to isogenies O Lemma 2.12], a subgroup of a simple algebraic group 
H of classical type is LT-completely reducible if and only if the corresponding subgroup of CliV) 
acts completely reducibly on V. We now appeal to the following: 

Lemma 3.2 ([U Theorem 3.26]). Let G be a simple algebraic group in good characteristic and let 
M be a subsystem subgroup of G. Then a subgroup H of M is G-cr if and only if it is M-cr. 

Thus a non-completely reducible X-module V gives rise to an embedding of X into a classical 
group H with non-Lf-cr image. If Lf is a subsystem subgroup of G this then gives rise to a non-G-cr 
subgroup of G. 

In employing Lemma 13.21 we will often refer to maximal connected subgroups of G, that is, 
subgroups which are maximal among connected subgroups of G. The following result determines 
all reductive such subgroups up to G-conjugacy. 

Lemma 3.3 ( pOl Corollary 2]). Let G be a simple exceptional algebraic group in characteristic 
p = 5 or 7. Let M be a reductive, maximal connected subgroup of G. Then M is G-conjugate to 
a subgroup in the following table, where each isomorphism type X denotes a unique G-conjugacy 
class of subgroups. 


G 

X 








G2 

^2, 

^1^1; 


[p-- 

= 7) 




Fa 

Ba, 


^iG2, 

A2A2, 

G2 (P = 

^7) 


Ee 

A1A5, Al, 

Ea, 

Ga 

, A2G2 

, G2 {P 

= 5, 

two classes), A 2 {two classes) 

Ey 

AiDq, Ay, 

A2- 

^ 5 , 

G2G3, 

AiFa, A1G2 

, AyAi, A2 

Es 

Dg, 

^8, A 

lEy, 

. A 2 EQ, Al 

, G2EA, 

B2, 

A1A2 


For L a Levi subgroup of an exceptional algebraic group, the following results yield all L- 
irreducible subgroups of type Ai or G 2 . 

Lemma 3.4 l [22l Lemma 2.2]). Let G = Cl{V) be a classical simple algebraic group in charac¬ 
teristic p ^ 2, and let X be a G-irreducihle semisimple subgroup of G. Then one of the following 
holds: 

(i) G = An and X is irreducible on V. 

(ii) G = Bn,Gn or Dn and V f X = Vi T ... L with the V) all non-degenerate, irreducible 
and inequivalent as X-modules. 
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Lemma 3.5. Let p > 2 and let X be simple of type Ai. Let V = Vx{n) be a restricted irreducible 
-module (so n < p). Then X preserves a non-degenerate symplectic form on V if n is odd, and 
preserves a non-degenerate orthogonal form on V if n is even. 

Proposition 3.6. Let Lq be a simple factor of a proper Levi subgroup of G = Eq or Ei with p = 5, 
or of G = E'j or Eg with p = 7. The table below lists all simple Lo-irreducible subgroups X of type 
Ai, up to Lo-conjugacy. 


Table 4; Lo-irreducible subgroups of type Ai 


Lq p Embedding of X of type Ai 
Ai 5,7 X = Lq 

712 5,7 VA,{\i)iX = 2 

^3 5,7 Ea 3 (Ai)|X = 3 

5,7 Ea 3 (Ai) = 1® iM (r > 0) 

714 5,7 Ea 4 (Ai)|A^ = 4 

A5 7 VA,(Ai)iX = 5 

5, 7 Ea 5 (Ai) I X = 2 M (g, iW (r ^ s; rs = 0) 

^6 7 VA,(Ai)iX = 6 

D4 7 Vd4(Ai)|A7 = 6 + 0 

5,7 Vd,(Ai)|X = 4W+2H (rs = 0) 

5,7 Vd^(Ai)|X = 3M®iH s; rs = 0 ) (two classes) 

5, 7 Vd 4 (Ai) I X = 2M + iH ® fW + 0 (s < t; rst = 0) 

5,7 Vd,(Ai)|X = 1(8)1M + iW®iM (r / 0; s / t; {s,t}^{0,r}) 

D 5 7 Vd,{Xi) iX = 6 M + 2H {rs = 0) 

5,7 Vd 5 (Ai)|X = 4 + 4M (r >0) 

5, 7 Vd,{Xi) fX = 4 M + iH ® iW + 0 (s < t; rs = 0) 

5, 7 Vd 5 (Ai) I X = 2 M + 2 H + fW ® fN {r < s; t ^ u; rtu = 0) 

5, 7 Vd 5 (Ai) I X = 2 + 2M + 2H + 0 (0 < r < s) 

Da 7 VDg(Ai)|X = 5M®lH s; rs = 0 ) (two classes) 

7 Vd^{Xi) fX = 6 M + 4 H (rs = 0) 

7 Vd^{Xi) fX = 6 M + iW «) iW + 0 (s < t; rs = 0 ) 

5, 7 VDe(Ai) 4 , X = 2^ (g) fW (g) fW (r, s, t distinct; s < t; rst = 0) (two classes) 

5, 7 Vd^{Xi) fX = 2 M g) 2 H + 2 ^ (r < s; rt = 0 ) 

5, 7 Vd^{Xi) fX = 4 M + 2 H + iW g) iM {t < u; rst = 0 ) 

5, 7 Vd 6 (Ai) I X = 3 M g iW + iW g iM {r^s;t^u; rstu = 0) 

5, 7 Vd^{Xi) fX = 4 M + 2H + 2 W + 0 (s < t; rs = 0) 

5, 7 Vd^{Xi) fX = 3 M g iH + 2 W + 0 (r / s; rst = 0) 

5, 7 Vd6(Ai) I X = 2 + 2M + 2H + 2^ (0 < r < s < t) 

5, 7 Vd^{Xi) iX = 2M + iH g fW + fM g 1^ + 0 
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{s < t] u < v; s < u; ii s = u then t < v, rs = 0 ) 

5, 7 VDg(Ai) I X = 1 ( 8 ) iM + iH ® 1^ + ® 

(r / 0 ; s / t, M / s < min{t, w, t>}; { 0 ,r}, {s,t}, {u,v} pairwise distinct.) 
Dr 7 Vd,(Ai) ;X = 6 + 6M (r > 0) 

7 VDriXi) ix = eM + 2H + 2W + 0 (s < t; rs = 0) 

7 VDr(Ai) ; X = eM + 2 H + iW ® iN {t < u; rst = 0 ) 

7 VDr(Ai) ; X = 4M + 4H + iW (8 {r < s; t < u] rt = 0) 

7 VDr(Ai) ; X = 4M + 4H + 2W + 0 (r < s; rt = 0) 

7 VDr(Ai) ; X = 4M + 3H ® iW + 0 (s ^ t; rst = 0) 

7 VDr(Ai) ; X = 4M + 2H + 2W + 2^ (s < t < n; rs = 0) 

7 Vd,(Ai) ; X = 3M ® iH + 2W + 2N (r / s; t < w; rst = 0) 

7 VdAXi) iX = 4M + iW ® iW + iN (g) iH + 0 

{s < t] u < V] s < u] if s = u then t < v, rsu = 0 ) 

7 Vd,{\i) ; X = 2M + 2H + 2^ + iM 0 iH + 0 (r < s < t; n < r; rn = 0) 

7 Vd 7 (Ai) ; X = 2M + 2H + iW ® iN + iH (8 iH 

{r < s] t < u; V < w] t < v; if t = V then u < w, rtv = 0) 

Eq 7 XiiAlg via (iM, 5H) (rs = 0) 

7 X-^XsGa via (2M,6W) (r/s; rs = 0) 

5,7 X-^^Ag via (iM,2H ( 8 l[‘l) (s / t; rst = 0) 

5,7 Xvia (2,2M,2H) (0 < r < s) 

Er 7 X < AiDq see m Theorem 4] for explicit classes 

7 X < AiAi via (iM, fW) (r ^ s] rs = 0) 

7 X < AliGs via (iM, 6 W) (r ^ s; rs = 0) 

7 X < G 2 C 3 via (6M,5H) (r ^ s; rs = 0) 

7 X < G 2 C 3 via (6M,2H (8 1^) (s ^ {r,t}; rst = 0) 


Proof. For Lq = Eq and Ej, this follows from m Theorems 3 and 4], For Lq of type A^, this follows 
from Lemmas 13.41 and 13.51 For Lq of type Dn, Lemmas 13.41 and 13.51 imply that the given subgroups 
of type Ai are distinct and unique up to conjugacy as a subgroup of G 02 n{K) = S 02 n{K){T), 
where r induces a graph automorphism on S02n{K). It remains to determine whether such a 
conjugacy class of subgroups splits into two classes of subgroups of S02n{K). This is equivalent to 
determining whether NQ 02 n(K){X) < S02n{K). Since X = Ai has no non-trivial outer algebraic 
automorphisms, there are precisely two possibilities: Either X lies in the centraliser of some element 
of G02n{K) \ S02n{K), which by [HI Table 4.3.1] is the stabiliser {'n/2 < k < n — 1) of 

a direct-sum decomposition of the natural orthogonal module; or X is irreducible on the natural 
module, and is not normalised by any element in G 02 n{K) \ S 02 n{K), and so gives rise to two 
classes of subgroups in S 02 n{K) by the orbit-stabiliser theorem. □ 
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Proposition 3.7. Let Lq a simple factor of a proper Levi subgroup of G = Ej or with p = 7. 
The table below lists all simple Lq- irreducible subgroups X of type G 2 , up to Lo-conjugacy. 

Table 5: Lo-irreducible subgroups of type G 2 


Lq Embedding of X of type G 2 
Aq X < Aq via 10 
Di X < D4 via 10 + 00 

Dj X < D-j via 01 (two classes) 

Eq V 27 4 , X = 20 + 00, X maximal in F 4 


Proof. For Lq exceptional, the result follows from [361 Theorems 2 and 3]. For Lq classical, this is 
similar to the previous proposition, using Lemma 13.41 and [23], and easier since G 2 has far fewer 
modules of low dimension. □ 


3.2 Complements and non-abelian cohomology 

In this section, we describe a method for classifying complements in parabolic subgroups by ap¬ 
proximating certain non-abelian cohomology sets. The technique was pioneered by D. Stewart in 
his Ph. D. thesis, and our dehnitions and strategy are taken from [351 Section 3.2]. 

Recall that if X and Q are algebraic groups over K, with a morphism X x Q ^ Q giving an 
action of X on Q, then complements to Q in the semidirect product QX correspond bijectively 
with rational 1-cocycles, which are variety morphisms (f : X ^ Q such that f){xy) = 4>{x){x.4>{y)) 
for all x,y & X. Here, a complement X' to Q is a closed subgroup of QX satisfying (i) QX' = QX, 
(ii) Q n X' = 1, and (hi) L{Q) D L(X') = {0} (cf. [25l 4.3.1]). By [Ml Lemma 3.6.1], a subgroup 
satisfying (i) and (ii) automatically satisfies (iii) when X is connected reductive, Q is unipotent 
and p 7 ^ 2 . 

Two cocycles cf, xf are cohomologous if there exists q € Q such that (j){x) = q~^'ijj{x){x.q) 
for all X € X. This dehnes an equivalence relation on the set Z^{X,Q) of 1-cocycles, and the 
corresponding quotient is called the cohomology set H^{X, Q), which parametrises complements up 
to Q-conjugacy. The set H^{X,Q) has a distinguished element, denoted [0], which is the class of 
the map sending every element of X to the identity of Q. In general, H^(X,Q) is only a pointed 
set, but if Q is a XX-module, then H^{X, Q) is a X-vector space in a natural way. 

In our calculations X will always be simple, and Q will always be connected and unipotent, 
with a filtration by X-stable connected subgroups Q = Q{1) \> Q{2) > ... o Q{r -|- 1) = 1 such that 

each section V) Qii)/Qii -|- 1 ) is a rational XX-module which is central in Q/Q{i -\- 1). This 
allows us to study H^{X,Q) in terms of the vector-space direct sum 

r 

V = Vx,Q =^0xHx,v-) 

i=l 

and then appeal to the representation theory of the simple group X. 
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We first recall some results from non-abelian cohomology, using |29l §1.5] as a standard reference. 
If R is an X-stable central subgroup of Q, then the short exact sequence 

0 <5 Q/R 0 

gives rise to a long exact sequence of pointed sets: 

R^ ^ (Q/R)^ H^{X, R) H^{X, Q) H^{X, Q/R) H^{X, R) 

where denotes a fixed-point subgroup, and where H^{X,R) is the usual second abelian coho¬ 
mology group, dehned for example in [T 6 l §11.4.2]. Since R is central in Q, the group H^{X, R) acts 
on H^{X,Q) on the left; for [cj)] G H^{X,R) and [^] G H^{X^Q) we have [<^].['0] = [<^ • tp]-, where 

cj) ■ 'ip{x) (l>{x)'ip{x) for all x G X. Since we shall use this in Lemma 13.101 below, we note that the 
condition for a group action becomes ['^]-(['^T[V']) = [4> X '^1-[V'] if H^{X, R) is written additively. 

Lemma 3.8 (|29l §1.5.7, Proposition 42]). With X, Q and R as above, two elements of H^{X,Q) 
have the same image in H^{X,Q/R) if and only if they lie in the same H^{X, R)-orbit. 

Definition 3.9 (cf. |351 Dehnition 3.2.5]). For i = l,...,r we define a partial map pj : V —>■ 
H^{X,Q/Q{i + 1)) as follows. For i = 1, set pi([7i],..., [7r]) = [ 71 ]- For i > 1, if pi_i([ 7 i],..., [ 7 ^]) 
is dehned and lifts to some element [F] under the natural map (5/Q(i-|-l)) H^{X,Q/Q{i)), 

then set Pi([ 7 i], •.., [ 7 r]) = [ 7 i]-[F], otherwise declare pi undehned at ([ 71 ], • • •, [ 7 r])- 

We set p = pr- Note that Pi([ 7 i],..., [ 7 r]) depends only on the hrst i coordinates of its argument, 
but does depend on the choice of lifts made. We pick lifts to be consistent with the convention that 
Pi([ 0 ], [ 0 ],... , [ 0 ]) = [ 0 ] for all i. 

Lemma 3.10 (cf. [35l Proposition 3.2.6]). Each partial map pi : V —> H^{X,Q/Q(i -|- 1)) is 
surjective. 

Proof. Proceed by induction on i. The result is trivial for i = 1. If i > 1, then a class [cp] G 
H^{X,Q/Q{i + 1)) gives a class \(f'] G H^{X,Q/Q{i)) under the natural map. By induction, there 
exists V = ([ 71 ], [ 72 ],..., [ 7 r]) G V such that pj_i(v) = [(p']. Since [cp'] has a lift in H^{X, Q/Q{i-\-l)), 
namely [p], the class Pi(v) is dehned. Now, Pi(v) and [p\ have the same image in H^{X,Q/Q{i)), 
hence by Lemma [T 8 ] there exists [5] G H^{X,Vi) such that [p] = [(5].pj(v). But by dehnition of pi, 
the right-hand side is equal to [^]-([ 7 i]-[F]) = [5 -|- 7 i]-[F], where [F] is the chosen hxed lift of [p'] 
to H^{X,Q/Q{i + l)). Then we have [5-F7i]-[r] = Pi([ 7 i], [ 72 ], • • •, [ 7 i-i] + 7 i] J 7 i+i]> ■ ■ ■ J 7 r]), 

hence \p] lies in the image of p*. □ 

As an immediate consequence, we obtain the following. 

Corollary 3.11. If H^{X,Vi) = 0 for each i, then H^{X,Q) = 0. In this case, every complement 
to Q in QX is Q-conjugate to X. 

Since the map p is a surjection from a subset of V to H^{X, Q), choosing a basis of V allows us to 
parametrise conjugacy classes of complements to Q in QX by certain ordered m-tuples {ki ,..., km) 
of elements of K, for some m > 0. We denote by ^ hxed complement to Q in QX 

corresponding to {ki, /c 2 ,..., km) € V, when p is dehned at this point. 
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We now consider the question of when p{v) = p{'w) for v, w G V. If Q = Ru{P) for a 
parabolic subgroup P of G, the Chevalley commutator relations give us precise information about 
the X-group structure of Q, which in turn lets us derive information about the set H^{X, Q). 

For each i and j, we have the containment [Q{i)-,Q{j)\ C Q(i + j), where Q{i) = 1 for all i > r. 
Thus for each v € Vj, we get a map Q{i) — Q{i+j), sending q G Q{i) to [h, ( 7 ], where -0 is a hxed lift 
of V to Q{j). Composition with the quotient Q{i + j) — )■ Vi^j gives a map Cy = Cy^i : Q{i) Vi+j 
which is independent of the choice of lift v. From standard properties of commutators, 

Cy{uw) = [v,uw]Q{i + j + 1) 

= [^,«] C[v,w]) Q{i + j + 1) 

and since Vi+j is central in Q/Q{i + j + 1), the above is equal to Cy(u)cy(w), so Cy is a group 
homomorphism. In addition, if u G is fixed by X, then we claim Cy is X-equivariant. Indeed, if 
u G Q{i)-, then for all x G X we have 

Cy{^u) = [v,'^u]Q{i + j + 1) 

= [{-v)v',-u]Q{t + j + l) 

for some v' G Q{j + 1). Since v' commutes with Q{i) modulo Q{i + j + 1), the above equals 
^[v,u]Q{i + j + I) = ^Cy{u). Moreover, since Q{i + I) lies in the kernel of Cy^i, this descends to a 
homomorphism Vi —)■ Vi+j of X-modules. 

Our next proposition is rather technical, so we take a moment to discuss its use in proving our 
main theorems. Informally, it states that if U and W are summands occurring in levels of Q, with 
H^{X,U) = H^{X,W) = K, and if x G induces an isomorphism U —IF, then the partial 
maps Pi are surjective on the subset of V which gives a cocycle on at least one of U or IF. If 
elements of V = H^{X, U) © H^{X, IF) © ... are given by tuples {ki, k 2 , ■ ■ ■), then this allows us to 
assume that kik 2 = 0 . 

Proposition 3.12. With X and Q as above, suppose that v G for some j < r, and let n 
be minimal such that Cy^n ■ Vn —^ ^n+j is non-zero. Suppose that the subspace (v) lifts to a 1- 
dimensional subgroup of {Q/Q{n + j + I))'’*'• Let U and IF be direct summands of Vn and Vn+j, 
respectively, such that Cy^n '• Vn —>■ Vn+j restricts to an isomorphism U ^ W. Suppose also that 
H\X,U)^K. 

Pick a basis {ei : 1 = 1,... ,m} ofY, where each vector ei lies in the image of some inclusion 
H^{X,Vi) —>■ V, and where ei and 62 respectively lie in the images of H^{X,U) and H^{X,W). 
Finally, define 

{ m 

'^tiei : ti e K, tit2 = 0 
1=1 

Then for each i>n + j, the restricted partial map pi : Vq ^ H^{X,Q/Q{i + I)) is surjective. 

Proof. Note hrst that by our choice of basis. Hi n, n + j then the image of H^{X, Vi) is spanned 
by some vectors ei with / ^ {1,2}. In particular, if re G Vq and if w' lies in the image of H^{X, Vi) 
with i ^ n, n + j, then w + w' G Vq. We will make use of this shortly. 
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By Lemma 13.101 if 1 < z < r then every element of H^{X,Q/Q{i + 1)) is of the form Pi{v) = 
[</>]-/ 0 i_i(v) for some [(/)] € H^{X,Vi) and some v G V, where p^_l{^v) € H^{X,Q/Q{i + 1)) is the 
fixed lift of /9i_i(v) G H^{X,Q/Q{i)). 

For an induction on i, suppose that r>i — l>n + j, and suppose that the restriction 
Pi-i : Vo —>■ H^{X,Q/Q{i)) is surjective. Let /Oi(v) G H^{X,Q/Q{i + 1)), and write /?i_i(v) = 
Pi_i(w) for some w G Vq. Then p[_i{v) = Pi_i{w) since the choice of lift is fixed, and thus 
Pi(v) = [4>\-p'i_i{'v) = [(l)\.p[_i{w) for some [4>\ G H^{X,Vi). Moreover, by definition of pi we have 
[<^]-Pi-i(w) = Pi{[(l>] + w), where on the right-hand side we have identified [0] with its image under 
the natural inclusion H^{X,Vi) —?> V. By the observation in the first paragraph above, we have 
w G Vo, and the restriction of pi to Vq is surjective, as required. 

It remains to prove that pn+j '■ Vq H^{X^ QIQ{n + j -|- 1)) is surjective. For ease of notation 
we may replace Q with Q/Q{n + j + 1) without loss of generality, so that p = pr = Pn+j- 

Suppose that p(v) is defined, where v = ^ 1^2 7 ^ 0. By minimality of n, conjugation 

by a lift v G of u G sends a complement corresponding to [(j)] G H^{X, Q) to a complement 
corresponding to [cy^n ° </>]•[<?!'], where [cy^n o <^] G H^{X,Q{n + j)). Therefore these cohomology 
classes correspond to the same Q-conjugacy class of complements to Q in QX, and hence are equal. 
Since W is an X-module direct summand of Q{n + j), there is a natural projection Q{n + j) W, 
and the image of [c^,n o*/'] under the induced map H^{X, Q{n + j)) H^{X, W) is a multiple of 62 - 

Moreover this multiple must be non-zero, since by hypothesis the map induces an isomorphism 
U ^ W and therefore induces an isomorphism H^{X,U) —?> H^{X,V). Scaling 62 if necessary, we 
can assume that that this image is — 1262 - So if [cp] = p(y), then [cp] = [cy^n o </']■[</’] = [—i 2 e 2 ]-/o(v) = 
p(v — 1262 ), and the vector v — 12^2 lies in Vq, which proves the desired result. □ 

As a special case, we obtain the following. 

Corollary 3.13. With X and Q as above, suppose that V = H^{X, U) 0 H^{X, W), where U and 
W are direct summands in levels of Q with H^{X, U) = H^{X, W) = K. Fix a basis o/V consisting 
of non-zero elements from H^{X,U) and H^{X,W). 

Suppose that contains a 1-dimensional subgroup inducing isomorphisms U —>■ W. Then the 
restriction p : {{ki,k 2 ) G V : kik 2 = 0} ^ H^{X,Q) is surjective. 

3.3 Representations and abelian cohomology 

In light of the preceding section, we now wish to describe H^{X, V) for various X-modules V, when 
X is simple of type Ai or G 2 . It will also be useful to understand H^{X, V) in some cases, since if X 
lies in a parabolic subgroup P = QL and H^{X, Vi) = 0 for some level Vi, then it follows from the 
long exact sequence that every element of H^{X,Q/Q{i)) lifts to an element of H^{X,Q/Q{i-\-l)). 

Lemma 3.14 ([H Corollary 3.9]). Let X he simple of type Ai and let M be an irreducible X- 
module. Then H^{X,M) 0 if and only if M is a Frobenius twist of (p — 2) 0 ll^l; in this ease 

H^{X,M) ^ K. 

Lemma 3.15 f |32l Theorem 1]). Let X he simple of type Ai and let M he an irreducible X-module. 
Then H^{X, M) ^ 0 if and only if M is a Frobenius twist of Vx(r) where r is 2p, 2p^ — 2p — 2 or 
2p — 2 {2p — 2)p^ (e > 1); in this case H‘^{X, M) = K. 
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The next result is a special case of results due to Cline, Parshall, Scott and van der Kallen m 
Corollaries 3.9, 3.10]. Recall that ITx(A) denotes the Weyl module for X of highest weight A, and 
additionally let M(A) denote the unique maximal submodule of Wx(A). 

Lemma 3.16. Let X be a simple algebraic group. Then for any dominant weight A there are 
isomorphisms H^{X,Vx{X)) ^ H^{X,M{X)*) and H^{X,Vx{X)) ^ H^{X, M{X)*). 

It follows that H‘^{X,Vx{Xi)) = 0 for any simple algebraic group X and every fundamental 
dominant weight A*. We now give a description of certain Weyl modules and tilting modules for X 
of type G 2 , to which we will refer later on. 

Lemma 3.17. Let X be simple of type G 2 in characteristic 7, and let X be one of 10, 20, 11, 01, 
30. Then the Weyl modules W{X) and tilting modules T{X) have the following structure: 

(i) IT(IO) = T(10) = 10, 

(ii) W{01) = T(01) = 01, 

(hi) W(20) = 20|00, r(20) = 00|20|00, 

(iv) IT(ll) = 11|20, r(ll) = 20|(11 + 00)|20, 

(v) 1T(30) = r(30) = 30. 

Proof. The composition factors of the Weyl modules are well-known, see for instance [23]. The 
submodule structure of these, as well as the composition factors and submodule structure of each 
T(A), follows easily from the fact that W(A)/soc(lT(A)) = VA:(A) for each A, and that r(A) admits 
both a filtration by Weyl modules and a filtration by duals of Weyl modules. □ 

In Sections HHZ] we will make implicit use of the following results on tilting modules: 

Lemma 3.18. Let X be an algebraic group and X be a dominant weight for X. Then: 

(i) A direct summand of a tilting module is tilting, 

(ii) The tensor product of two tilting modules is tilting, 

(iii) If p > r then the r-th symmetric and alternating powers of a tilting module are tilting, 

(iv) H\X,T{X)) = 0. 

Proof. Parts (i), (ii) and (iv) are well-known, see for instance [161 §E.l, E.2, E.7]. For part (iii), 
if p > r then the symmetric power S^{V) and alternating power /\^ {V) can each be realised as 
the image of a projection operator E®’’ E®’’ (see for instance m §11-5, Proposition 40]), and 

therefore as a direct summand of E®'’. Now apply parts (i) and (ii). □ 

Lemma 3.19. Let X be a simple algebraic group of type Ai, and let V = T{n) be a tilting module for 
X, where n > 0. Then V supports a non-degenerate X-invariant bilinear form, which is symmetric 
if n is even, and skew-symmetric otherwise. 
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Proof. The result holds for n = 1 since T(l) is the natural 2-dimensional module for X = SL 2 {K) = 
Sp 2 {K). Now let n > 1, and for an induction, assume that the result holds for all integers 
1 < m < n. If n is even then let W = T{n/2) ® T{n/2), otherwise let W = (g) 

Then W supports the non-degenerate tensor product form, which is symmetric in the first case 
and skew-symmetric in the second. Moreover, T{n) occurs as a direct summand of W, and is the 
unique indecomposable summand containing a vector of weight n. Hence the natural isomorphism 
W/T{n)-^ T{n)*, and the fact that T{n) = T{n)*, shows that r(n)“‘- n T{n) = 0. Thus T(n) is 

a non-degenerate subspace of W, and the result follows. □ 

Lemma 3.20. Let X be a simple algebraic group of type Ai or G 2 with an indecomposable orthog¬ 
onal module V of dimension 2n. Then there are precisely two conjugacy classes of subgroups of 
Z? 2 n isomorphic to X acting on Vd 2 ^(Ai) via V. 

Proof. Since neither Ai nor G 2 have any non-trivial outer algebraic automorphisms, the result 
follows from the discussion in the proof of Proposition 13.61 

3.4 Explicit cohomology calculations for Ai 

When X has type Ai, we sometimes adopt a computational approach to studying H^{X,Q). 
Lemma 13.211 below lets us verify that a given subset of QX indeed generates a subgroup of type 
Ai. Lemma 13.221 gives us an explicit formula for a cocycle X ^ V = (g) (p — 2) when p > 2, 

which restricts the possibilities for a cocycle X —>■ Q/[Q,Q\. 

Lemma 3.21 ([9l 12.1.1 and Remark p.l98]). Let K be any field and let X be a group generated 
by {x+(t), X-{t) : t G K}, with relations 

(i) X±(ti)x±{t 2 ) = X±{ti +t 2 ), 

(ii) h{t)h{u) = h{tu), 

(hi) n{t)xj^{ti)n{t)~^ = x-{—t~‘^ti), 

for all ti, t 2 G K and all t, u G K*, where n{t) = x+(t)x_(— and h{f) = n(t)n(—1). 

Then X is abstractly isomorphic to SL 2 {K) or PSL 2 {K). 

Now let X be as in Lemma 13.211 where K has characteristic p > 2. Let T = {h{t) : t G K*} 
be a maximal torus of X, with corresponding root subgroups U± = {x±{t) : t G K}. Let K[vi,V 2 ] 
be a polynomial algebra in two variables, with X acting as algebra automorphisms induced via: 


X+{t).Vl= Vl, X+{t).V2= V2+tVl, 

X-{t).Vl= Vl-\-tV2, X-{t).V2= V2. 

View {p — 2) as the RX-submodule of all homogeneous polynomials of degree p — 2 in ui and V 2 , 
and view as the submodule spanned by fi and /_i v^. Then the basis 

(g) f±i : 0 < r < p — l| 
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oiV = (p — 2) ( 8 ) consists of weight vectors. For each 0 < r < p — 1 let e 2 r denote the vector 
0 /i and let e_ 2 r denote < 8 ) f-i- Clearly each e± 2 r has weight ±2r, and the 

elements x±{t) act as follows; 

p—2—a 

x+(t).Kr;f = vf{tvi + n2f = Y1 

j=0 

x_(t).Kt;r^-“) = {v,+tv2rvr^-^ = ^ 

j=o 


P 2 a^^p_2_a-j^p-2-. 


and from this, for any r > 1 it follows that 

^p—r—l 


X+{t).e 2 r= ^ r 1 2 j ^ 


m — r 


Similarly, we find that 


r—1 


r — 1 


X+{t).e-2r = I X] ( ' /]f ^ ^ 0 if-i+tPfi) 

\j=0 V / 

with similar expressions for x-{t).e± 2 r- As expected, it also follows that 

n{t).e± 2 r = i-t'^‘^Te,f: 2 r, 
h{t).e± 2 r = t^‘^^e± 2 r- 


Lemma 3.22. Let X be simple of type Ai and C = (p — 2) (8) 1^1. With the notation above, for 
each k ^ K define 7 ^ : C/+ V by 

7fc(x+(t)) = ^X] ^ ^V''e2r. 

r=l '' '' 

Then eaeh jk extends to a rational cocycle X ^ V, with 

7fc(x_(t)) =/cX] ^X’’e_2r 

r=l V ^ / 

for all t € K. Furthermore, two sueh cocycles 'jk and 7 / are cohomologous if and only if k = I, and 
every eoeyele X is eohomologous to some 'jk- 
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Proof. It is clear that A; i— 7 ^ is a linear map between K and the vector space of 1- 

cocycles [/+ — V. Therefore, once we have shown that each 7 ^, extends to a cocycle X ^ V, 
and that jk and 7 / are cohomologous if and only if /c = I, it follows that this map induces an 
isomorphism K —>■ H^{X,V), so that every cocycle X —)■ y is cohomologous to exactly one such 
Ik- 

Clearly, 7 ^, is a rational map on ?7_|_. To prove that 7 ^ extends to a cocycle on X, we check firstly 
that the cocycle condition holds on 17_|_, and that 7 ^, is a coboundary if and only if A: = 0, so that 7 ^, 
and 7 ; are cohomologous if and only \i k = 1. We then check that h{u).'yk{x-\-{t)) = 7 fc(^*'“^x+(t)) 
for all t £ K and u € K*, so that [yfc] € H^{U+,V)'^. By [HI Lemma 1.1 and Theorem 2.1], 
we have vector-space isomorphisms V)'^ —>• V) ■£- H^{X, V), and we deduce that 

each 7 fc extends to a cocycle X —>■ 1/, again with [ 7 ^] = [ 7 ;] if and only if A: = L Finally, since 
X-{—t) = and n(—1) sends each vector e2r to (—l)^e_ 2 r, it follows immediately that 7 ^ 

has the stated form on U-. 

So consider 7 fc(x+(ti)) -|- x+(ti). 7 fc(x+(t 2 ))- Substituting the expression above for x+{ti).e 2 s, 
this becomes 





= Ihix+ih +t2)) 

and so 7 ^ : [/+ —>■ IL is a cocycle. Here we have used the following identity, which holds for all 

Next, fix 0 7 ^ A: G X and suppose that jk is a coboundary on t/+, so 7 fc(x+(t)) = (x+(t).n) — v 
for some v £ V. Express v = Hr=i (^re 2 r + (ir-e- 2 r)- It is easily shown that if 7 ^ 0 for some 
r > 1, then e_ 2 (r-i) has non-zero coefficient in (x+(t).v) — v, contradicting the definition of 7 ^. So 
dr = 0 for r > 1. It then follows that the coefficient of 62 in (x+(t).n) — n is identically zero for all 
t and k, while by definition the coefficient of 62 in 7 fc(x+(t)) is kt{p — 1), a contradiction. Thus 7 ^ 
is a coboundary if and only if A: = 0. 
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It remains to show that h{u).'^k{x+{t)) = This is straightforward: 

p-i / _i\ 

h{u).jk{x+{t)) = r ^ \fh{u).e 2 r 

r=l ^ ^ 



= -ik{x+{u^t)) 
= 7 /c("(“)x+(t)) 


as required. □ 

An entirely similar proof to the above yields the following. 

Corollary 3.23. If X is simple of type Ai, with root elements x±{t) and if yW denotes the 
Frobenius twist ofV = {p — 2)^ fW, then I/W has a basis {e 2 - 2 p, e 4 _ 2 p, • • •, e_ 2 , 62 , 64 ,..., 62 ^- 2 }, 
where e 2 i has weight 2i{p^) for each i, such that every cocycle X is cohomologous to exactly 

one cocycle 7 ^, where 


^k{x+{t))=kJ2(^ ^y^‘e2r, 

r=l V ^ / 

Jk{X-{t))=kY,(^~y^P\.2r- 

r=l V ^ / 

Remark 3.24. We will apply the above results in the context of a simple group X of type Ai 
acting on a group U, where X and U are generated by products of root elements in a simple 
algebraic group G. We therefore perform a number of intricate calculations involving products and 
commutators of root elements of the simple algebraic group G. These calculations can in principle 
be carried out by hand, however we have made use of the computational algebra package Magma 
[7] for both speed and accuracy. We have therefore taken our structure constants for computing 
commutators in G to be consistent with those found in Magma. 


3.5 Prom Q-conjugacy to G-conjugacy 

If P = QL is a parabolic subgroup of G and A is a connected subgroup of the Levi factor L, then we 
now have the necessary tools to study H^{X, Q), but it remains to consider how the corresponding 
conjugacy classes of subgroups fuse in G, and also to consider conjugacy between subgroups in 
non-conjugate parabolic subgroups of G. 

Consider first the non-trivial torus Z{L). This centralises X and normalises each root subgroup 
of G. Moreover the action of Z{L) on each such root subgroup in Q is non-trivial since Gg{Z{L)) = 
L. This fuses together various classes of complements to Q in QX\ 

Lemma 3.25. Let G be a simple algebraic group over an algebraically closed field K and let P be 
a parabolic subgroup of G with Levi decomposition P = QL. Let V = ©Li Vi be the sum of the 
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levels of Q, let X be a subgroup of L, and suppose that V = Mi) © (0”=]^ Wi) as X-modules, 

where each Mi and each Wi is indecomposable, and H^{X,Mi) = K, H^{X,Wi) = 0. 

If for each i, the action of Cz[l) (0j©i non-trivial, then complements to Q in 

QX fall into at most 2™ classes of subgroups in G. 


Proof. Recall that V = 'Vx,Q = Yli=i M^{X,Vi), and fix a basis of V consisting of a non-zero 
element from each of the m spaces H^{X,Mi) {i = Recall also the surjective map 

p : V —>■ H^{X,Q) from Definition 13.91 If p{ki,k 2 , ■ ■ ■ ,km) G H^{X,Q), then the hypotheses 
imply that whenever ki ^ 0 for some i, we may assume that A;* = 1 by replacing the corresponding 
complement with a Z(L)-conjugate, without changing the other kj. Hence we may take each kj to 
be either 0 or 1. □ 


Next, let w be an element of the Weyl group W{G) and let tc be a fixed preimage of w in 
Ng{T). Let I and J be subsets of the simple roots H of G, and let Pj = QiLj and Pj = QjLj 
be standard parabolic subgroups of G, where Lj and Lj are standard Levi subgroups. Let X be a 
subgroup of Lj and suppose that: 

(i) w{I) = J, 

(ii) For some subgroup Rj of Qi generated by root subgroups of G, the inclusion Rj Qi induces 
a bijection H^{X,Rj) —>■ H^{X,Qj), 


(iii) For each root subgroup Ua < Ri we have L1 u,(q,) < Qj. 


Then from (i) it follows that "'X is a subgroup of Lj. By (ii), every complement to Qj in QjX is 
(5/-conjugate to a subgroup of RjX, and by (iii) these are therefore G-conjugate to a subgroup of 
Qj^X) < Pj. 


Conjugation by elements of W{G) can also fuse different subgroup classes within a single 
parabolic. Suppose that w G Ng{T) normalises X, and suppose also that w stabilises a certain 
set of roots, such that the corresponding root subgroups generate an X-stable normal subgroup R 
of Q. Then if is a cocycle X ^ R and is the corresponding complement to R in RX, then 
conjugation by w sends X^ to another complement to R in RX. 

Rephrasing this in terms of V, if elements are represented by m-tuples (/ci,..., km) with respect 
to an appropriate basis, then conjugation by w induces a permutation on the indices. We will 
encounter our first instance of this, and the first non-trivial application of Lemma 18.251 in Section 

oi 


Two parabolic subgroups of G are called associated if their Levi subgroups are G-conjugate 
to one another. The following lemma shows that up to association, there is a unique minimal 
parabolic subgroup of G containing a given non-G-cr subgroup X. This prevents double-counting 
of subgroups during our classification in Sections HHZl 

Lemma 3.26. Let X he a closed subgroup of G, and let Pi and P 2 he minimal among parabolic 
subgroups of G containing X. Then Pi and P 2 are associated. 


Proof. Let I and J be subsets of the simple roots of G such that the standard parabolic subgroups 
Pj and Pj are respectively conjugate to Pi and P 2 . It is a standard result m Propositions 2.8.2, 
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2.8.3] that Pi n P 2 is contained in a conjugate of the standard parabolic subgroup P/n«)(j)) for 
some element w of the Weyl group. From the minimality of Pi it follows that I D w{J) = I, hence 
w{J) 5 I- By symmetry, there exists an element w' of the Weyl group such that w'{I) 2 J. Hence 
I and J have the same size, so w{J) = /, and if re G Nq{T) is a lift of w to an element of Nq{T), 
then “’Lj = L/. □ 

4 Proof of Theorem [It G = Eq, p = b 

In this section, we show that when p = 5, each non-G-cr subgroup of G is conjugate to a subgroup 
listed in Table [TTJ Since every subgroup in Table [TT] is indeed non-G-cr by Lemma 13.21 this proves 
Theorem [TJ 

Let P = QL be a parabolic subgroup of G, such that P contains a non-G-cr subgroup X 
necessarily of type Ai, and further assume that P is minimal among parabolic subgroups of G 
containing X. Then the image of X in L is an L'-irreducible subgroup of L'. Moreover, by 
Corollary 13.111 there is some level M of Q such that H^{X,M j, X) 7 ^ 0. The following lemma 
classifies the possible occurrences of this scenario. 

Lemma 4.1. Let L be a Levi subgroup of G containing an L-irreducible subgroup X of type Ai. 
If there exists a parabolic subgroup P of G with Levi factor L and unipotent radical Q, such that 
H^{X,M j, X) 7 ^ 0 for some level M of Q, then X and the type of L' appear in Table\^ 


Table 6 : P'-irreducible X with H^{X,M f X) / 0 


L' 

Embedding of X 

D5 

X < D5 via 4 M -k (g) iW -k 0 (rs = 0; r -k 1 7 ^ s) 

P4 

X < D4 via 4-k2W, 


X < D4 via 3 (g (two L'-classes) 

A1A3 

X ^ A1A2, via (lf^^3) 

A1A2 

X ^ AfA2 via (1, l^^l, 2) or (iW, 1, 2) 


Proof. Let P = QL be a parabolic subgroup of G. The action of L' on the levels of Q is straight¬ 
forward to determine, as described in [2]. Now Proposition 13.61 gives all subgroups of 

type Ai, and it is straightforward to determine the action of each such subgroup X on the levels of 
Q, for instance using the tables of Section [TTJ Checking each level M against Lemma 13.141 tells us 
whether or not H^{X, M j, X) = 0. Whenever we find a module M such that H^{X, M j, X) 7 ^ 0, 
the full description of the action of X on the levels of Q is given in the relevant section below. So 
let us illustrate the process with an example where H^{X,M f X) = 0 for all levels M of Q. 

Let L be the unique standard Levi subgroup of G such that L' = A 5 . Since p = 5, the only 
L'-irreducible subgroup X of type Ai acts on the natural module as 2fo (g) ft®! where rs = 0 and 
r ^ s. In Q, there are two levels. As an P'-niodule, Q/Q{2) is irreducible with high weight A 3 , 
and is generated by the image of the root subgroup Ua 2 , and Q{2) is irreducible with high weight 
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0, and is generated by C/i 2232 i- Using Table [T^ and the fact that U 4 g(A 3 ) = /\^(U 4 g(Ai)), it follows 
that U 45 (A 3 ) I X = ( 4 M (g) fW) + ( 2 M (g) fW) + 3 W. Lemma 13.141 shows that no indecomposable 
summand of such a module has a nonvanishing first cohomology group. □ 

The remainder of this section is as follows. There is a subsection for each Lie type of L' in 
Table [6l For each type, we enumerate the standard parabolics with Levi factor of that type and 
let X vary over the L'-irreducible subgroups in Table [H Using the tools from Section [3l we bound 
the number of possible classes of complements to Q in QX, as Q varies over unipotent radicals 
of these parabolics, and we thus determine a global bound on the number of non-G-cr subgroups 
arising from such a parabolic. Finally, we exhibit representatives of each possible conjugacy class 
and calculate their connected centralisers. Lemma 13.261 shows that two such subgroups lying in 
non-associated parabolics cannot be G-conjugate. Table fTTl contains precisely these representatives. 

4.1 L' = D5 

The two standard ils-parabolic subgroups of G are ^12345 and T 23456 • By Lemma 14.11 the only 
embeddings of Ai into that we need to consider are X = Ai < via 41^1 + (g) 1^1 + 0, 

where rs = 0 and r + 1 7 ^ s. 

Consider first P = T12345 = QL. Then Q has a single level, and is a 16-dimensional irreducible 
module for L' of high weight A 4 . From the action of X on the natural Hs-module, we see that X 
lies in a subgroup A‘IB 2 of L', via (iW, lL+il,4M). In turn, this subgroup lies in a subgroup AfA^ 
of L'. Now, the restriction of a spin module for (n > 4) to a subgroup B^-i, or from B^ or 
Dn to a proper Levi subgroup of the same type, is itself a sum of spin modules [181 Prop. 2.7]. It 
follows that Ud 5 (A 4 ) | AjA^ = (1,0, Ai) + (0,1, A 3 ), hence yD 5 (A 4 ) | AIB 2 = i ^ 1^2 = 

(1, 0, A 2 ) + (0,1, A 2 ), and so Vd,{Xa) IX = Uds (A 5 ) | X = (3^ O ll'+il) + ( 3 H O iW). By Lemma 
13.141 Y = K, since r-|- 1 ^ s. The 1-dimensional torus Z(L) acts non-trivially on each summand of 
Q, hence by Lemma l3 .25 1 there is at most one G-conjugacy class of non-G-cr complements to Q in 
QX. An entirely similar argument applies to the parabolic subgroup T23456) yielding at most one 
G-conjugacy class of non-G-cr complements to Q 23456 in Q 23456 X. 

Let Y and Z be subgroups of the subsystem subgroup A 1 A 5 of G, respectively embedding via 
(iW, 1U(5)M) and (iW, (1U(5)M)*) (rs = 0 ; r -|- 1 7 ^ g). Note that Y and Z are Aut(G)-conjugate, 
since a graph automorphism of Eq induces a graph automorphism of A 1 A 5 . Both Y and Z are non- 
AiA^-cr, hence by Lemma [3.2l thev are non-G-cr. We claim that Y and Z each lie in a Hs-parabolic 
subgroup of G, with irreducible image in a Levi factor. Their actions on the natural AiAs-modules 
imply that Y and Z are each contained in an A^As-parabolic subgroup of A 1 A 5 , and it follows that 
Y and Z each lie in a parabolic subgroup of G whose Levi factor contains a subgroup of type Af A 3 . 
The only such subgroups are Hs-parabolic subgroups, hence Y and Z each lie in a Hs-parabolic. 

The action of Y on V 27 is given in Table fTTl and this determines the action of Z since the outer 
automorphism of G swaps the G-modules V 27 and V 2 J, and swaps the subgroup classes of Y and Z. 
Now, if Y and Z were G-conjugate, then the submodule latties of V 27 i Y and V 27 i Z would be 
identical. But this is not the case, since Y has an 8 -dimensional submodule iM C it'’^ (5)1*1, 

while Z does not. Finally, the G-conjugacy class of a reductive sugroup determines its high weights 
on each G-module, up to multiplying by a power of p. Therefore if r', s' are non-negative integers 
with r's' = 0 and {r',s') 7 ^ (r, s), then the corresponding non-G-cr subgroups arising are not 
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conjugate to Y or to Z. Thus for each (r, s), there are precisely two classes of non-G-cr subgroups 
Ai contained in a -Ds-parabolic with irreducible image in a Levi factor, with representatives Y and 
Z. 

Inspecting Table fTTl we see that Ci(^c)(X) — Cl{g){^) = {0}, and thus = Cg{Z)° = 1. 

Remark 4.2. The condition r + 1 7 ^ s is only necessary to ensure that X is L> 5 -irreducible. If 
instead (r, s) = (0,1), the subgroups Y and Z described above are still non-G-cr and non-conjugate. 
The images of these subgroups in now lie in a Levi subgroup D 4 , and hence these provide two 
non-conjugate, non-G-cr subgroups lying in a L> 4 -parabolic subgroup of G. 

4.2 L' = Di 


Let P = P 2345 = QL be the unique standard D 4 -parabolic subgroup of G. Let X, T, Z be 
representatives of the three L'-conjugacy classes of L'-irreducible subgroups, with ^ 04 (^ 1 ) i X = 
VdM iY = VdA>^4) 4 + 2 W, so that the remaining 8-dimensional modules Vd 4 ,{\) restrict 

as 3iX> 1^^^. Now, Q has two levels: Q/Q{2) = + Ld 4 (A 4 ), the factors respectively generated 

as a L> 4 -module by the images of the root groups Uai and Uqq, and Q{2) = generated by 

Gioiiii- 

The action of X on Q is as follows; 

Q/Q{2) i X = (3 ® iW) + (3 ® iW), 

Q( 2 )iX = 4 + 2 W. 

And thus X x,Q — by Lemma [3.141 In the second level, H‘^{X, 21^1) = X by Lemma [3.151 This 
means that not all pairs {k,l) G Xx,q necessarily give rise to an element of H^{X,Q). We will 
show that the condition kl = 0 is necessary. 

For this, we now describe X explicitly in terms of the root groups of G, which allows us to identify 
the weight vectors of X in its action on each level of Q, and hence apply Lemma 13.221 to give an 
explicit description of cocycles X —>■ Q. Using the module decomposition Ul'(Ai) j, X = 4 -|- 21^1, 
we can identify root elements x±{t) of X: 

x+{t) = Xas (3t)a;ooiioo(2t^)xooiiio (t^)xa4 (2t)a;oooiio(t)xoioiio(2t^)a;oiiioo 

X-(t) = x_„3 (t)x_ooiioo (t^)x_ooiiio {t^)x-a4, (2t)x_oooiio (3t^)x_„5 (3t)x_oioiio (3t® )x_oiiioo ■ 

Furthermore, a maximal torus of X is given by Tx = {h{t) : t G K*} with h{t) as defined in 
Lemma 13.211 Multiplying out the above elements gives the following formula for h{t): 

h{t) = h2{t^°)h3{t^)h4{t^'^)h{t^). 

We can now check directly that each non-trivial element of the form xiiiioo(t)2:oioiii(^) has weight 
2 under the action of Tx- Next, when p = 5 the formula for x+(t).e 2 on page 1201 becomes 

X+{t).e2 = 62 + 3164 + 31^66 + t^es- 

In Q/Q{2) we can therefore let 62 = xiiiioo(l)Q(2) (resp. xoioiii(l)Q(2)) and calculate the con¬ 
jugate ^+h)e 2 , and then equate coefficients with the equation above to hnd that 64 = xiiiiio(3). 
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66 = a:iii 2 io( 3 ), 68 = xii221o(4) (resp. xoiiiii(l), xoii 2 ii(l), 2:^011221 (I))- Hence by LemmaE^Sl a 
general cocycle X —>■ Q/Q{2) is cohomologous to exactly one map 7 ^,; as follows: 


I x+(c) 1 -^ xiiiiQQ{kc)xiiiiQ{ 2 kc^)xiii 2 io{^kc^)xii 22 io{kc^) 

\ X Xoi011l(^c)xoillll(4/c^)xoil21l(^C^)xoil22l(4k^)(5(2). 

Now if G Q) has image 7 ^^; under composition with Q Q/Q{2), then it follows that for 

each X G X we have 4>ix) = lk,i{x)q for some q G <3(2) = Z{Q) depending on x. From the identity 
xq = xqx~^x = {^q)x, for all q G Z{Q), x G X, we then have 

(^(x+(c)}x+(c)f = (jk,l(x+(c))qx+(c)f 


Since x+(c) induces a linear transformation of order 5 on the vector space <5(2), call it T, in additive 
notation the first five terms in the above product are (1+ T + T^ + T^ + T^)(q), which is identically 
zero. So the above is equal to (7fc,z(x+(c))x+(c))®. Substituting, and using Magma to simplify 
calculations, we find that this is equal to xi 22 i, 2 i{—klc^). But since 4> is a cocycle, the element 
(p{x+{c))x+{c) is a positive root element in a complement to Q in QX, and in particular its order 
divides 5. Thus xi 2232 i(—= 1 for all c G K, hence kl = 0 as claimed. 

The 2-dimensional torus Z{L) consists of elements of the form 


h{t,u) = hi{t u^)h 2 {t)h^{u)h/^{t^)h^{t^u ^)hQ{t'^u 

for t, u G K*. Now (c) = and = Xag(t“®n^c). Thus the action of 

Z{L) on Q satisfies Lemma 1,1.251 and each complement to X in QX is G-conjugate to one of the 
complements X = ^[ 0 , 0 ]) ^[ 1 , 0 ] or ^[ 0 , 1 ] (recall the notation from Section . So in particular, 
there exist at most two G-conjugacy classes of non-G-cr complements to Q in QX. 

Next consider the action of T on Q: 

Q/Q(2)iy = 4 + 2W + (3(8)lW), 

Q(2) IT = 3® fW 

and thus 'Vy,q — by Lemma 13.141 Again, by Lemma 13.251 each complement to Q in QY is 
G-conjugate to one of T = Tjq^o]) 4^[i,o]) ^[ 0 , 1 ] or T[i 1 ]. By an identical argument, each complement 
to Q in QZ is G-conjugate to one oi Z = Z^q^qj, ^[ 1 , 0 ]) ^[ 0 , 1 ] or We now exhibit G-conjugacies 

between these various subgroup classes, and then construct a representative of each possible distinct 
class that remains. 

We claim that F[i o], and ^[ 0 , 1 ] are G-conjugate to one another, and that ■Z’ji o]) -^[ 0 , 1 ] 

and ^[ 1 , 0 ] are G-conjugate to one another. Indeed, recalling notation from Section [21 the element 
wi = nin 3 n 4 n 2 n 5 n 4 n 3 ni G Ng{T) acts as an outer involution in 04 ^. 83 , preserving Y whilst 
swapping X and Z. Furthermore, tci swaps the root subgroups Uae, and Gioiin, hence swaps 
the two T-modules generated by these elements, and also swaps the A-invariant and A-invariant 
subgroups generated by these. It follows that Tji q] is G-conjugate to Tjo^j, and Aji g] is G-conjugate 
to .Z’joq]. Similarly, the element n^n^n 4 n 2 n 3 n 4 n^nQ stabilises Z and swaps X and Y, and also swaps 
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the root subgroups Ua^ and ? 7 ioiiii, and therefore is G-conjugate to -^[0,1] and ^[0,1] is G- 
conjugate to h^[o,i]- This proves the claim, and we now have at most four G-conjugacy classes of 
non-G-cr subgroups Ai of P, namely g]) ^[0,1]) ^[1,1] 

Consider the following four Ai subgroups of G: Two subgroups Ai AiA^ via (l[^l,lT( 5 )) 
and via VT( 5 )*), respectively; and two classes of subgroups Ai < via T{8) (these exist by 
Lemma I 3 . 20 p . Each of these four subgroups is non-G-cr by Lemma 13.21 The two subgroups of 
AiA^ are interchanged by a graph automorphism of AiA^, hence by a graph automorphism of Eq, 
and similarly the two subgroups of are exchanged by a graph antomorphism of Eq. The third 
and fourth lines of Table m give the actions of one subgroup of AiA^ and one snbgronp of 
on the modules V27 and L{G), which also determines the actions of the other two subgroups. In 
particular, we see that no two of these four subgroups have the same lattice of submodules on V275 
and hence all four are pairwise non-conjugate in G. 

The snbgroups in AiA^ each lie in an AfA^-pavaholic snbgroup of AiA^, which is contained in 
a Ps-parabolic subgronp of G. The images of these subgroups in the Levi factor D5 then act on 
TdsCAi) as 4 -|- (g) -|- 0 = 4 -|- 21^1 -|- 0 ^, and so these images are id4-irreducible subgroups of a 

Levi subgroup D^. 

Similarly, from the module structure of T(8) = 0|(3 (g) l[^l )|0 it follows that the two subgroups 
in each lie in a id4-parabolic subgroup of P5, and hence of G. Thus all four of these subgroups 
lie in a D4-parabolic subgroup of G. 

The connected centraliser of the non-G-cr subgroups contained in AiA^ is trivial, as their hxed- 
point space on L{G) is zero. The connected centraliser of each subgroup X = Ai < via T(8) is 
Ti. Indeed dim(GG(X)°) < 1 by Table dH and Ti = Gg(T»5)° < Gg{X)°. 

4.3 L' = Aidls 

The four standard ^i^a-parabolic subgroups of G are ^1346, T2346) ^"1456 and T’i245- For each, let 
X = Ai ^ AiAs via (l[^l, 3 ). 

First, consider P1346. Then Q = Q1346 has four levels and X acts as follows. 

Q/Q( 2 )iX = ( 3 ®lW) + 3 , 

Q( 2 )/Q( 3 );X = ( 4 ®lW) + lW, 

Q( 3 )/g( 4 );x = 3 , 

Q{ 4 )iX = 0 , 

where the module of highest weight 3 (gl[^l is generated by Ua^Q{ 2 ). By Lemma [ 3 . 14 l Vx,Qi346 — K. 
Applying Lemma [ 3.251 we have at most one class of non-G-cr complements to ^1340 in ^1346^. The 
same argument applied to P2346 allows us to conclude that there is at most one class of non-G-cr 
complements to ^2346 in ^ 2346 ^ 1 , with the module of highest weight 3 ig in the action of X on 
^2346 generated by 1/101110^2346( 3 ). Conjugation by the element 741743744712 € Nq{T) sends L1346 
to L2346, and also sends Ua^ to Giomo- It follows that any non-G-cr Ai subgroup of ^1346 with 
irreducible image in L1346 is G-conjugate to a subgroup of ^2346- 

Similarly, considering the parabolic subgroups P1456 and P1245 leads to at most one G-conjugacy 
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class of non-G-cr subgroups, where now conjugation by the element nQn^nin2 € Ng{T) sends L1456 
to L1245 and sends Ua^ to f 7 ooiiii- 

Consider the subgroups Y, Z = Ai < via W{b) and Vb( 5 )*, respectively. Each of these is 
non-G-cr by Lemma [ 3.21 and they are contained in an yli^3-parabolic subgroup of G since they are 
contained in an AiA3-parabolic subgroup of A^. They are exchanged by an outer automorphism 
of A5, and are therefore Aut(G)-conjugate. Thus the first line of Table fTTl determines the action 
of each on V27 and L(G), and in particular we see that the subgroups have different submodule 
lattices on V275 and are therefore not G-conjugate. Hence these are representatives of the above 
conjugacy classes of non-G-cr subgroups in HiHs-parabolic subgroups of G. 

From Table [IT] we see that Cg{Y) and Cg{Z) are each at most 3 -dimensional, and so Cg{Y)° = 
CGizy = CGiA^r = Ag 

4.4 L' = 

The five standard H^H2-parabolic subgroups of G are P1235, ^*1236, ^*1256, T2356 and Hi246- For 
each, we need to consider subgroups X and Y, respectively embedded in AIA2 via 1 , 2) and 
(l,lW,2). 

First, consider ^1235- Then Q = Q1235 has four levels, and 

g/Q(2)|Li235 = (l,l,01) + (0,l,00), 
g( 2 )/g( 3 ) i L1235 = (1,0,01) + (0,0,10), 
g( 3 )/g( 4 ) 4, L1235 = (0,1,10), 
g( 4 ) IL1235 = (1) 0,00). 

Applying Lemma [TTH it follows that Vx,Q — '^y,q — K. Applying Lemma [ 3125 ] yields at most one 
class of non-G-cr complements to Q in QX and at most one class of non-G-cr complements to Q 
in QY. 

With entirely similar calculations, we hnd that there are at most two G-conjugacy classes of 
non-G-cr simple subgroups of type Ai in each of the other four standard parabolic subgroups having 
irreducible image in the corresponding Levi factor. Moreover, for each such parabolic P, we find 
an element of Ng(T), given in the table below, whose image in the Weyl group sends the roots of 
the standard Levi factor to those of L1235 and sends a to 04, where the image of Ua generates the 
A-module of high weight 3 (8) 1 ^^^ in the appropriate level. This element therefore conjugates each 
non-G-cr subgroups Ai of P, with irreducible image in L, to a subgroup of Pi235- 


p 

Root a 

Element of Ng{T) 

Pl236 

000110 

reens 

-^1256 

001100 

re6n5n4n2n3nin4n3n5n4n2n6n5n4 

F 2356 

q;4 

n6n5n4n2n3nin4n3n5n4n2n6n5n4n3ni 

Pl246 

001110 

n6n5n4n2n3nin4n3 


Note that the element above sending L 2356 to L 1235 sends Pq 2 to Ua^ and to > hence sends 
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the subgroup embedded in L2356 via (l[^],l,2) to the subgroup of L1235 embedded via (l,lW,2), 
and vice versa. 

Therefore there are at most two G-conjugacy classes of non-G-cr subgroups arising in this case. 
By Lemma [ 3.201 there are two conjugacy classes of subgroups embedded in via r(6). Let Zi 
and Z2 be representatives of these. As is a Levi subgroup of G, both Zi and Z2 are non-G-cr 
by Lemma 18.21 They are each contained in an A^A2-parabohc subgroup of D^, hence in such 
a parabolic of G, and they are exchanged by an outer automorphism of hence are Aut(G)- 
conjugate. Therefore the second line of Table fTTl determines their actions on V27, and we see that 
they are not G-conjugate. 

Since dim(GG(^i)) and dim(GG'(^2)) < 1 , we find that Gg(-^i)° = Cg{Z2)° = Cg{D^)° = Ti. 


5 Proof of Theorem [2t G = Ej, p = b 

In this section we prove Theorem [ 2 ] in the case p = 5 . Again, our starting point is to determine 
those parabolics P = QL of G and L-irreducible subgroups X of L, such that H^{X,Q) may be 
non-zero. 

Lemma 5 . 1 . Let L be a Levi subgroup of G containing an L-irreducible subgroup X of type Ai. 
Lf there exists a parabolic subgroup P of G with Levi factor L and unipotent radical Q, such that 
H^{X,M f X) 7^ 0 for some level M of Q, then X and the type of L' appear in Table^ 

Table 7 : L'-irreducible X with H^{X,M f X) 


L' Embedding of X 


Ee 

X 

^ A1A5 

< Eq via ( 1 , 2 0 


A1D5 

X 

^ AiL >5 

via +2[^+il + lM 

0 iW) (rs = 0; r / s' 

A1A2A5 

X 

A1A2. 

43 via (lh+h^ 2 H, 3 M) {rs 

= 0) 

D5 

X 

< D5 via 

4W + i[r+i] (g, iW + 0 (rs 

= 0; r -h 1 / s) 

A1D4 

X 

> A1D4 

via (iM, 3 W 0 (7-5 = 

= 0 ) (two L'-classes) 

A2A3 

X 

^ A2A3 

via (2,1 0 it^l) 


AfAs 

X 

-^^ 2^3 

via (lM,lh+il^3W) or (it"' 

+i]^iM, 3 W) (t-s = 0), 


X 


via (1,1,1 0 it^l) 


AfA2 

X 

Af A2 

via (iM,iH,iW,2N) 



{rstu = 0] V 

', = i = j — 1 where i, j G { 

r,s,t}) 

D4 

X 

< D4 via 

4 -F 2 W, 



X 

< D4 via 

3 0 (two L'-classes) 


A1A3 

X 

A1A3 

via (l^^l, 3 ) 


AjA2 

X 

A2A2 

via (l,lW,2) or (1^,1, 2) 



Proof. As in the proof of Lemma l 4 .ll this is straightforward. For each parabolic P = QL and each 
L-irreducible subgroup X of type Ai, we systematically check the action of X on each level of Q 
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using Proposition 13.61 


□ 


5.1 L' = Ee 

Let P = Pi23456 = QL be the unique standard E’g-parabolic subgroup of G. Let X = Ai ^ 
AiA^ < Eq via ( 1 , 2 (8> Then Q is abelian, and carries the structure of a rational iLL-module, 
with Q X X = 3 ( 8 ilf^] + l®lf^]+ 2 ( 8 > 2^^ -g 4 + Q. By Lemma r 3. 141 V = H^{X, Q) = K. By Lemma 
13.251 there is at most one class of non-G-cr complements to Q in QX. 

Let Y = Ai < A'; via W{ 7 ). Then Y is non-j47-cr, lying in an Ai^s-parabolic subgroup of Aj. 
By Lemma 13.21 Y is non-G-cr. The projection of Y to AiA^ embeds via ( 1,2 ® The only 

subgroups AiA^ of G which lie in a subgroup A'j are those in the conjugacy class of AiA'^ < Eq. 
Moreover, the only Levi subgroup of G that contains AiA'^ is Eq. Therefore, the Tli^ls-parabolic 
subgroup of A-j must lie in an E'e-parabolic subgroup of G. Hence Y lies in an Eg-parabolic subgroup 
of G and the projection of Y to Eq is Eg-irreducible by Proposition [ 3 i 6 j Hence T is a representative 
of the G-conjugacy class above. 

From Table [T^ we see that dim(GG(y)°) < 1 . Since Q is abelian and X centralises a 1 - 
dimensional subgroup Ui of Q, we deduce that Ui < Cg{QX)° < Cg(Y)°, and so Cg{Y)° — 


5.2 L' = AiDq 


Let P = ^123457 = QL be the unique standard HiZls-parabolic subgroup of G. Let X = Ai ^ AiDq 
via (l^'"^, 1 ^^^ ® 1 ^^^ + 2 ^ + {rs = 0 ,r / s). Then the projection of X to Dq is contained 

in a subgroup < A\A^. The two Ai factors of this latter group are generated by the root 

subgroups U±a2 and U±a^, respectively, and the A3 factor is generated by U±ai , U±a3 and ?7±ii22ioo- 
This allows us to pick the following root elements of X: 


X+{t) = Xayit^")Xa2{t^")Xa5it^‘’)X-ll22100{t^")Xaiit^")X-ni2l00{t^’" )a:i010000 ), 

X-{t) = X-ar{t^")X-a2i't^")X-a5{'t^‘’)^n22100{t^")X-aiit^")xin2100{t^"~^^)X-i0i0000{t^"~^^), 


and the actions of X on the levels of Q are: 

Q/Q{ 2 ) iX = 3M (8) l[''+^l + iM ® l['’+^l + 2M ® l[''+il ® iW, 

Q(2) ; X = 2 M + 2[^+^l + iM ® iH, 

where the summand 31 '’] <8 of Q/Q{ 2 ) is generated as an X-module by the image of the 

root subgroup C/iinin. Using Corollary 13.231 we find that a complete set of representatives of 
H^{X,Q/Q{ 2 )) is given by 

X xooiiiii(2A;t^(®''))xioiiiio(3/cf2(^’’))xoiiiiio(3A:t2(5U)a;ooiiiio(/ct®")Q(2). 


Now, suppose that 7^ lifts to a cocycle 4> : X ^ Q. Then (j){x+(t)) is a product of the above root 
elements with an element qk^t € < 5 ( 2 ). If we let Xk{t) = (^(x+(t))x+(t), we find that 

Xk{tf = Xii2222l(2fc^t®’”^^). 
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On the other hand, Xk{t) is a root element in a group of type Ai, hence has order dividing 5; it follows 
that A: = 0. Thus the map H^{X,Q) —>■ H^{X,Q/Q{ 2 )) is zero, so H^{X,Q) = H^{X,Q{ 2 )) = 0 
and all complements to Q in QX are conjugate to X, hence are G-cr. 


5.3 L' = A 1 A 2 A 3 

Let F = Pi 23567 = QL be the unique standard ^1742^3-parabolic subgroup of G. Let X = Ai ^ 
A1A2A3 via (lb+il,2W,3M) (rs = 0). This determines root elements of X as in Section 15.21 and 
the actions of X on the levels of Q are as follows: 

Q/Q(2) iX = 3M «) 2W ® 

Q(2)/Q(3) ; X = 4M ® 2W + 2W, 

Q(3)/g(4 ) ;x = 3M 
Q(4)/g(5);x = 2W. 

Thus ff^(X,Q(3)/Q(4)) ^ K for all r, s, while H\X,Q/Q{2)) ^ X if (r, s) = (0,1), and 
H^{X,Q/Q{2)) = 0 otherwise. Moreover, by Lemma[3]T5]if s > 0 then there are direct summands 
in levels 2 and 4 with non-vanishing second cohomology group. With similar calculations to Section 
15.21 we find that every cocycle X —g(3)/g(4) lifts to a cocycle X —)■ g(3), while if (r, s) = (0,1), 
a cocycle X —)• Q/Q(2) lifts to a cocycle X —>■ Q/Q{3) if and only if it is a coboundary. This shows 
that V = g(3)/g(4)) = iL, for any choice of r and s. 

Therefore, for each r and s, elements of H^{X, Q) are parametrised by elements of K. Applying 
Lemma (3.251 for each possible (r, s) we have at most one conjugacy class of non-G-cr complements 
to Q in QX. 

Let Y = Ai ^ A2A3 via (2^, VL(5)bl) where rs = 0. By Lemma Y is non-G-cr. Moreover, 
Y is contained in a AiA2A3-parabolic subgroup of A2A5, and hence in such a parabolic subgroup 
of G. Thus there is exactly one conjugacy class of non-G-cr complements to Q in QX for each pair 
(r, s) with rs = 0. 

From Table [m we find that dim(G2,(G)(T)) = 0 and hence Cg(Y)° = 1. 

5.4 L' = D 5 

The two standard Hs-parabolic subgroups of G are ^12345 and ^23456- Let X = Ai < D3 via 
4 H _|_ ih+i] (g) lid -)- 0 (rs = 0; r -|- 1 / s). Let P = ^12345 = QL. The action of X each level of Q is 
as follows: 


g/Q(2) IX = 3M ® i["+b + 3M ^ lis] + 0, 
g( 2 )/g( 3 ) i X = 3M ® iL+b + 3M (8) iw, 
g( 3 ) i X = 4M + iL+b ® iW + 0. 


Let U and V be the respective summands of Q/Q{ 2 ) and g( 2 )/g( 3 ) which are isomorphic to 
3W g) iF+i], By Lemma EH Yx,q = H\X,U) © H^{X,V) ^ X^. The modules U and V are 
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respectively generated by the images of the root subgroups Ua^ and Uag+ar- The root group Ua-, 
commutes with L', hence gives a 1 -dimensional subgroup of , and does not commute with Uae- 
Hence, as described in Section [ 3.21 conjugation by v induces a non-trivial homomorphism 

of L'-modules ; Q/Q{ 2 ) —)■ Q{ 2 )/Q{^), which restricts to an isomorphism U ^ V. 

We now apply Corollary 13.181 This tells us that, with respect to a basis of V consisting of a 
non-zero element from each of H^{X, U) and H^{X, H), elements of H^{X, Q) are parametrised by 
pairs {ki, k2) € V with kik2 = 0 . 

Next, the element of Nq{T) normalises each root subgroup in L', and swaps Ua^ with 

It follows that two complements to Q in QX corresponding to {ki,k2) and {k2,ki) are conjugate 
in G. Together with the previous paragraph, this means we can assume that {ki,k2) = (fei, 0 ). By 
considering the non-trivial action of Z{L) on each summand in Q, we therefore deduce that there 
is at most one class of non-G-cr complements to Q in QX. 

Now consider ^23456- We claim that a non-G-cr subgroup Ai with irreducible image in L23456 
must be G-conjugate to a subgroup of ^12345- It suffices to exhibit an element of Ng{T) which 
sends the roots subgroups in ^23455 to those of T42345, and also sends Uai to Uq^, since the image 
of generates the L23456-niodule of high weight A4 in Q 23456 /f 523456 ( 2 ). The following element 
fits the bill: 

n^nQn^n/^n^n2n/^n^nQn^nlnzn/^n^nQn2n/^n^n^n/^nlnzn2n^n^nQn^ 

and hence up to G-conjugacy there is at most one non-G-cr subgroup Ai in a Hs-parabolic subgroup 
of G, with irreducible image in the Levi factor. 

Recall that AiA'^ denotes a subgroup of this type lying in a Levi subgroup of G, and let 
Y = Ai ^ ^1^5 via (iH, VL( 5 )M), where s 7^ r-|-l. Prom Section ITT] we know that Y is non-EQ-ci, 
lying in a Ds-parabolic subgroup of Eq, with irreducible image in the Levi factor. Hence by Lemma 
13.21 Y is non-G-cr, and thus T is a representative of the unique class of non-G-cr subgroups of QX. 

From Table [T2I we find that dim(G£((j) (T)) = 3 , and since Y < E^we know that CciX) contains 
a 1 -dimensional torus. We now construct a 2 -dimensional unipotent subgroup of Q centralising a 
conjugate of T; it then follows that Gg(T)° has the form U2T1. 

First note that Z[Q) contains a trivial X-submodule, which therefore centralises QX, and in 
particular centralises every complement to Q in QX. Moreover the root subgroup Ua.j commutes 
with Q( 2 ), since there is no root a of level 2 such that a -|- 07 is also a root. Therefore, if we can 
show that some non-G-cr complement Z to Q in QX is contained in Q{ 2 )X, it follows that Ua-j 
also lies in Cg{Z)°. 

The natural map H^{X,Q) —)■ H^{X,Q/Q{ 2 )) is surjective since H^{X,Q) = Uar has trivial 
intersection with Q{ 2 ). Prom the long exact sequence of cohomology, it follows that we have an 
exact sequence 0 —>■ H^{X, Q{ 2 )) —)• H^{X, Q) of pointed sets, so a non-zero element of H^{X, Q{ 2 )) 
gives rise to a non-zero element of H^{X, Q). Thus there exists a non-G-cr complement Z to Q{ 2 ) 
in Q{ 2 )X, and as described in the previous paragraph we have Cg{Z)° = U2T1. 
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5.5 L' = AiDi 

Let P = -P23457 = QL be the unique standard ^iD4-parabolic subgroup of G. Let X,Y = 2I1 
A1D4 via (iM, 3 W ® ib+d) (rs = 0 ) where Vo^iXA) iX = Vd^{\^) I 1 " = 4 ^ + 2b+b. The levels 
of Q are as follows: 

Q/Q{ 2 ) iX = (3W ® fb+b) + (iM ^ 4W) T (iW ^ 2b+b), 

Q( 2 )/Q( 3 ) i X = (iM ® 3W ® fb+b) + 0, 

Q( 3 )/Q( 4 );X = 3 W 0 lI*+b, 

Q( 4 ) ; X = 0 . 

By Lemma 13.141 for any r and s we have Xx,Q — K^. The trivial module in Q{ 2 )/Q{‘ 3 i) is 
generated by the image of the root subgroup 17 oii 222 i, which commutes with X, hence induces a 
homomorphism Q/Q{ 2 ) Q( 3 )/Q( 4 ) of X-modules, which is non-trivial since xoii222i(l) does not 

commute with all of Q/Q{ 2 ), for instance it does not commute with Xq,j( 1 ). This must therefore 
induce an isomorphism from the summand 3^1 0 to Q( 3 )/Q( 4 ). 

Applying Corollarv l 3.131 complements to Q in QX are parametrised by pairs {ki, ^2) of elements 
of K with kik2 = 0 . In addition, the element noii222i of Ng{T) normalises each root subgroup in 
L' and swaps Uai and 1/1112221 ■ It follows that any complements corresponding to (fe, 0 ) and { 0 ,k) 
are G-conjugate. Lastly, the non-trivial action of Z{L) reduces us to the cases {ki,k2) = ( 1 , 0 ) and 
( 0 , 0 ), by Lemma 13.251 Hence we have at most one G-conjugacy class of non-G-cr complements to 
Q in QX. 

With similar reasoning, there is at most one G-conjugacy class of non-G-cr complements to Q in 
QY. Furthermore, the Weyl group element noii 222 i 7 r 223432 i 7 rin 3 n 4 n 2 n 5 n 4 n 3 ni G Ng{T) normalises 
Uai and induces an outer automorphism of L' . Hence a lift of this element to Ng{T) conjugates 
each complement to Q in QY to a subgroup of QX, and so up to conjugacy in G there is at most 
one non-G-cr subgroup Ai with irreducible image in a Levi factor A1ZI4. 

Let Z = Ai ^ AiD^ via (lb],T(8)W). By Lemma ( 3 ^ Z is non-G-cr. Since Z is contained in 
an AiZl4-parabolic subgroup of A1H5, it is contained in an Aiil4-parabolic subgroup of G. Hence 
Z is a representative for the unique G-conjugacy class of non-G-cr subgroups Ai in P. 

For each r and s, diin{C ^q){Z)) = 1 , and so Cg{Z)° = Cg{AiD5)° = Ti. 

5.6 L' = A 2 A 3 

The three standard A2A3-parabolic subgroups of G are P13567, Pi3467 and P23467- Let X = Ai 
A2A3 via (2,1 0 lb]). First let P = P13567 = QL- Then the actions of X on the levels of Q are as 
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follows; 


Q/Q{ 2 ) I X = 3 0 iW + 1 0 iW + 0 , 

Q( 2 )/Q( 3 ) I X = 3 0 fW + 1 0 fW, 

Q( 3 )/Q( 4 ) |X = 4 + 2 + 20 2 ™ + 0 , 

Q(4)/Q(5)iX = l0lW, 

Q(5)/Q(6)|X = l0lW, 

Q(6)/Q(7)iX = 2. 

By Lemma [ 3 . 14 l we have V = . The root group gives rise to the trivial L'-submodule in 

Q/Q{ 2 ), and does not commute with the root group Ua4^. A non-trivial element of Ua^ therefore 
induces a non-trivial homomorphism of L'-modules Q/Q{ 2 ) —)■ Q( 2 )/Q( 3 ), and hence by Corollary 
13.131 parametrising complements to Q in QX by pairs {ki,k2) of elements of X, we may assume 
that kik2 = 0 . Further, using Lemma [ 3.251 the action of the torus Z[L) reduces us to the cases 

(fci, k2) = ( 1 , 0 ) or ( 0 , 1 ). Lastly, the element n2 G Ng{T) normalises the root subgroups in L' and 

swaps Ua4 and 1/0,2+04; hence we may assume {ki,k2) = (0,1) or (0,0), and we have at most one 
conjugacy class of non-G-cr complements to Q in QX. 

Similar calculations hold for P13467 = <513467^13467. We have V = K^, the modules with non¬ 
vanishing first cohomology group appearing in levels 1 and 3 , respectively generated by the images 
of ?7 q 5 and 1/0112210 • The subgroup X < L13467 commutes with elements of ( 5 i 3467 /< 5 i 3467 ( 4 ) of the 
form 

2:1112100 (i)a^iiiiiio(^)a:^oii 2 iio(i) 2 ;oiiiiii(i)< 5 i 3467 ( 4 ) 

and these induce non-zero A-module homomorphisms ( 5 i 3467 /Qi 3467 ( 2 ) ^ < 5 i 3467 ( 3 )/l 5 i 3467 ( 4 :). An 
element of Ng{T) normalising L' and fusing complements corresponding to (A:i, 0 ) and ( 0 ,/ci) G V 
is ni 22322 i? 7 ii 22 ioo 7 roioiioo- Moreover, the element conjugates the root 

subgroups in L13467 to those in L13567, and also conjugates I/0112210 to a subgroup of ( 5 i 3567 - It 
follows that each complement to < 5 i 3467 ia < 5 i 3467 -T is G-conjugate to a subgroup of Pi3567- 

In T23467 = < 523467^23467 we again have V = K^, the modules with non-vanishing hrst co¬ 
homology group appearing in levels 2 and 3 , generated by the images of l/ioinoo and 1/1112210- 
The element nunooo G Ng{T) conjugates the root subgroups in L23467 to those in L13467, and 
sends both l/ioinoo and I/1112210 to subgroups of < 5 i 3467 - Thus each non-G-cr subgroup of T23467 is 
G-conjugate to a subgroup of T’13467, hence is also conjugate to a subgroup of T’i3567- 

Up to G-conjugacy, there is therefore at most one non-G-cr subgroup Ai contained in an A2A3- 
parabolic of G with irreducible image in the Levi factor. Let Y = Ai < Aq via iy(6). Then Y is 
non-G-cr by Lemma 13.21 and is contained in an A2A3-parabolic subgroup of Aq and hence of G. 
Therefore, T is a representative of this conjugacy class of subgroups. 

Now, from Table W 2 \. C^q){Y) is 3 -dimensional. Also, CciYY contains the 1 -dimensional torus 
Gg(A 6 )°. Moreover with similar considerations to those in Section [ 5.41 we see that a complement 
/f[o,i] ^ <5(2 )Li 3567 commutes with Ua2 as well as with the 1 -dimensional subgroup giving rise to 
the trivial submodule in < 5 ( 3 )/< 5 ( 4 ); hence GG(Ai[o+])° = U2T1 
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5.7 L' = AjAs 

The three standard ^^^3-parabohc subgroups of G are -Pi2567) -P12457 and -P23567- Let X,Y ^ AfA^ 
via (iLl, iL+iJj 3H) and 1 ^ 1 , respectively (rs = 0 in both cases), and let Z = Ai ^ A^A^ 

via ( 1 , 1 , 1 ® First consider P12567 = P = QL. Then L' acts on the levels of Q as follows: 

Q/Q{ 2 ) IL' = ( 1 , 0 , 000 ) + ( 0 , 1 , 100 ), 

Q( 2 )/g( 3 ) I L' = (1,1,100), 
g( 3 )/g( 4 ) iL' = ( 1 , 0 , 010 ), 
g( 4 )/g( 5 ) ;l' = (0,0,010), 
g( 5 )/g( 6 );L' = (o,i,ooi), 
g( 6 )/g( 7 ) = (0,0,000), 

g( 7 ) = (1,0,000). 

From Lemma 13.141 it follows that 'Vx,q — "Vy,q = 0 , and ^z,Q — K. Both X and Z have sum¬ 
mands in some level with a non-vanishing second cohomology group. We first analyse complements 
to g in QX. 

Note hrst that g( 4 )/g( 5 ) i X = 4 l*l -|- 0 . We can identify the following positive and negative 
root elements of X\ 

X+{t) = 

X 3^0000110(2^^*-^ '*) 3 :oooooii( 2 t^*^ *) 3 :ooooiii( 3 t^*^ -*), 

x-{t) = x-ai{t^")x-a2{t^°^^)x-asi3t^‘‘)x-aei^i^‘’)x-a7i^t^‘’) 

X 3^-0000110(i^*^ '*)3:-000001l(i^*^ '*)3:-000011l(3t^*^ •*), 

and these elements commute with every element of g( 4 ) the form xii 222 io( 3 t) 3 :ii 22 iii(ii)- If n 7^ 0 
then this element does not commute with 17^7 and therefore induces a non-trivial homomorphism 
of X-modules g/g(2) Q{ 5 )/Q{ 6 ). Therefore, applying Corollary 13.131 and Lemma [ 3.251 there 

are at most two conjugacy classes of non-G-cr complements to Q in QX, corresponding to ( 1 , 0 ) 
and ( 0 , 1 ) G '^x,Q- Furthermore, the element nii 22 ioo^^ii 2222 i 7 i 63 i 5 n 7 n 6 G Ng{T) stabilises the set 
of root subgroups in L', inducing an outer automorphism on the A3 factor. This element also 
swaps the root subgroups Ua^ and C/1123210 ■ Since the images of these root groups generate the two 
X-modules with non-vanishing hrst cohomology group, a lift of this Weyl group element exchanges 
complements to Q in QX corresponding to ( 1 , 0 ) and ( 0 , 1 ) G V. 

Since ^y,q = 0 , all complements to Q in gy are g-conjugate to Y. Also, with similar calcu¬ 
lations to those of Section [521 we hnd that a cocycle Z Q{ 2 )/Q{ 3 ) lifts to a cocycle Z ^ Q( 2 ) 
only if it is a coboundary. Hence every complement to Q in QZ is g-conjugate to Z. 

Now consider P12457. With identical arguments, we hnd that there are no non-G-cr complements 
to gi2457 in gi2457L" or gi2457y, and that there is exactly one G-conjugacy class of non-G-cr comple¬ 
ments to gi 2457 in gi2457A. Moreover, the element ni234:32inin3nin2n^nin3n^n^n/^n2njn^n^nin3 G 
Ng(T) conjugates the root subgroups of L12457 to those in L12567, and sends the subgroup X < 
L12457 to the corresponding subgroup of Li2567- This element also conjugates Ua^, which gives rise 
to the module in gi2457 with non-vanishing hrst cohomology group, to Ua^, and hence complements 
to g in gi2457A are G-conjugate to subgroups of 7 ^ 12567 • 
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An entirely similar argument shows that for P23567 there are no non-G-cr complements to 
Q23567 in Q23567-^ or Q23567-^) and there is exactly one G-conjugacy class of non-G-cr complements 
to <323567 in < 323567 ^- Moreover, the element n^ni € Ng{T) conjugates -^23567 i'® -^12567’ sending 

Y < -^23567 i'O subgroup X < ^12567- This also fixes C/1123210J hence complements to <323567 in 
<323567^ are also conjugate to a subgroup of Ti2567- 

Therefore, for each r and s, there is at most one G-conjugacy class of non-G-cr subgroups Ai 
with irreducible image in a Levi factor of type AfA^. Let A = Aj ^ ^1^5 via (lM,iy( 5 )W). Then 
A is non-G-cr by Lemma 13.21 and is contained in an A^As-parabolic subgroup of the Levi AiA^ 
and hence in an A^Aa-parabolic subgroup of G. It is also clear from Table fT^ that distinct choices 
of (r, s) lead to non-conjugate subgroups of G, and thus each G-conjugacy class above exists. 

Finally, the complement ATjo,!] to Q in QX < P12567 above commutes with the 2 -dimensional 
subgroup (t/i22432i, 3^1122210 (t)a^ii22iii (t) : t ^ K). Since A lies in a Levi subgroup AiA^, we see 
Gg(A)° contains a 1 -dimensional torus, hence Gg(A)° = U2T1. 

5.8 L' = AIA2 

Let P = ^*12357 = QL be the unique standard Af A2-parabolic subgroup of G. Let X = Ai ^ AIA2 
via ( 1 ^'"^, 1 ^*^, 2 [“]). The action of L' on the levels of <3 is as follows: 

Q/Q( 2 )|L' = ( 1 , 1 , 0 , 01 ) + ( 0 , 1 , 1 , 00 ), 

Q(2)/g(3) iL' = (1,0,1,01) + (0,0,0,10), 

g( 3 )/g( 4 )|L' = (o,i,i,io), 

Q(4)/g(5) iL' = (0,0,0,10) + (1,0,1,00), 
g(5)/g(6)|L' = (i,i,0,00), 

Q{6)iL' = ( 0 , 0 , 0 , 01 ). 

We may assume rstu = 0 . If u = r = s — 1 or n = s = r — 1 then g/g(2)) = K, and 

similarly if u = r = t — lov u = t = r — 1 then H^{X, Q( 2 )/Q( 3 )) = K, and if u = s = t — 1 or 
u = t = s — 1 then {X, Q{ 3 ) /g(4)) = K. Each of these cohomology groups vanishes if neither of 
the two corresponding conditions holds, and no other A-module occurring can have non-zero first 
cohomology group. Hence V 0 if and only if {r,s,t) is a permutation of (n, n -|- l,a) for some 

a ^ K. In this case, Y = K unless a = u or a = u + 1 , m which case V = and n = 0 . 

If V = iL then by Lemma [ 3. 251 there is at most one G-conjugacy class of non-G-cr complements 
to g in QX. 

Now suppose V = K^, so that n = 0 and (r, s,f) is a permutation of ( 1 , 0 , 0 ) or ( 1 , 1 , 0 ). If 

s = t, or if s ^ t but r = s = 0, then there is a trivial A-submodule in level 1, inducing non¬ 

zero A-module homomorphisms Q/Q{2) — > Q{ 2 )/Q{ 3 ) and g(2)/g(3) ^ g(3)/g(4). If s ^ t 
and r = s = 1 , then level 5 contains an X-direct summand 21 ^ 1 , which has non-vanishing second 
cohomology group. Finally, if s 7^ f and r A s then either r = t = 1 and level 4 contains an 
X-direct summand 21^1, or r = f = 0 and level 2 contains a trivial submodule, inducing a non-zero 
homomorphism of X-modules Q/Q{ 2 ) Q{ 3 )/Q{A). 

With similar calculations to previous sections, using the above paragraph we find that whenever 

V = X^, so that complements are parametrised by {ki, k2) G K^, then either kik2 = 0 is necessary 
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for the partial map p ; V —>■ H^{X, Q) to be defined, or Corollary [ 3 d 3 ] applies and a complement to 
Q in QX corresponding to {ki,k2) is Q-conjngate to one corresponding to either (A:i, 0 ) or ( 0 , ^2). 
Applying Lemma [ 3.251 reduces us to (fci, ^2) = ( 1 , 0 ) or ( 0 , 1 ) or ( 0 , 0 ). 

Next, the element nQn^njn^ G Ng{T) stabilises the set of root subgroups contained in L, 
swapping those in the second and third Ai factors, and also swaps Ua^ and ? 7 oooiiiO) which give rise 
to the modules in levels 1 and 2 with non-vanishing first cohomology group. Similarly, the element 
non2iooninsn4n2n5n4 swaps the root subgroups in the first two Ai factors and swaps 17 oooiiio 
and t/0112110 which give rise to the relevant modules in levels 2 and 3 , and finally the element 
?^0112221?T'1011110^iiiiiii^i^2^3^7 swaps the root subgroups in the first and third Ai factors, and 
swaps the appropriate root subgroups in levels 1 and 3 . It follows that for each {r,s,t,u) there 
is at most one non-G-cr complement to Q in QX, up to conjugacy in G, and furthermore, the 
six potential non-G-cr subgroups corresponding to permutations of (r, s, t) are all conjugate in G. 
Hence there exists at most one non-G-cr subgroup Ai of P with irreducible image in the Levi factor, 
for each set of twists {u,u + l,a, u) with ua = 0. 

Let y = Ai A1H5 via (l[“],T(6)[“]), where ua = 0 . By Lemma [ 3 l^ Y is non-G-cr. More¬ 
over, y is contained in an Af A2-parabolic subgroup of A1ZI5 and hence of G. Therefore, y is a 
representative of the conjugacy class found in the above analysis. 

From Table fT^ we see that G/,(c')(y)) has dimension 1 A a ^ u,u + 1 ] 2 if a = tt -|- 1 ; and 3 if 
a = u. In each case, GG(y)° > CciAiD^Y = Ti. 

If X above corresponds to twists ( 0 , 1 , 1 , 0 ) then we check that X centralises the abelian group 
{xooooiio(c)xoooooii(c) : c € K}, which also commutes with the root groups giving rise to the 
module in level 2 with non-vanishing first cohomolgy group. If instead X corresponds to twists 
( 0 , 1 , 0 , 0 ) we check that X centralises the 2 -dimensional unipotent group 

a^ioiiiio(c)xoiiiiio(— c)xoioiiii( 3 c)xooiiiii(c)xiii 222 i(c^) 

X a:i 2232 io(f^)a^ii 232 ii(d) 

which also commutes with the root subgroups giving rise to the X-module in level 3 with non-zero 
first cohomology group. 

It follows that CciVy = Ti if a ^ u,u + 1 ; CciVy = UiTi if a = w + 1 ; and CdYf = U2T1 
if a = u. 

5.9 L' = Di 

Let P = F2345 = QL be the unique standard Zl4-parabolic subgroup of G. Let X, Y, Z be 
representatives of the three L'-conjugacy classes of L'-ii-i-educible subgroups, with X (resp. Y, Z) 
acting on (resp. VDii^A)) as 4 -h 2^ (in this case, the remaining 8-dimensional 


,d G iL 
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modules Vo^iXi) restrict as 3 ( 8 ) 11^1). The action of 1)4 on the levels of Q is as follows: 

Q/Q{2) 4 , = A 3 + A 4 + 0, 

Q(2)/Q(3) iL' = A 1 + A 4 , 
g(3)/g(4);L' = Ai + o, 
g(4)/g(5)iL' = A3, 
g(5)/g(6) iL' = o. 


Reading left-to-right and down the levels, the non-trivial L'-modules are generated by the im- 

def 

ages of the root groups Uai, U^e, f/ioiiiio, C^oooooii, and 1/1112221 • The element w = 

n6n5n4n2n3nin4n3n5n4n2n6n5n4n3ni G Ng{T) induces a triality automorphism on L' and sends 
1/0000011 1/1112221 —>■ 1/1011111 1/0000011 • This element will shortly be used to show that all 

non-G-cr subgroups Ai of QL are conjugate to a subgroup of QX. 

Now, 'Vx,Q — ^Y,Q — ^z,Q — K^- The trivial summands in levels 1 and 3 are respectively 
generated by the root groups Uar and I/0112221, inducing isomorphisms between the L'-modules of 
high weight A4 in levels 1 and 2 and between the modules of high weight Ai in levels 2 and 3 , and 
between the modules of high weight A3 in levels 1 and 4 . 

First consider X. Then H^{X,Q/Q{2)) ^ K^, and H^{X,Q{2)/Q{3)) ^ H^{X,Q{A}/Q{5)) ^ 
K, and also H‘^{X, Q{2)/Q{3)) = H'^{X, Q{3)/Q{4)) = K. With similar calculations to Section 
we find that a cocycle corresponding to (^1,^2) G H^{X,Q/Q{2)) lifts to a cocycle X Q/Q{3) 
only if kik2 = 0 , and also a cocycle X — Q/Q{3) corresponding to {ki, k2, k^) lifts to g/g(4) only 
if kik^ = 0 . Moreover, using the isomorphisms of L'-modules coming from Uar and I/011222I) if 
cocycles X ^ Q are parametrised by {ki, k2, k^, k^) G V then we may assume that ^2^3 = A:iA:4 = 0 . 

Next, the element ny G Ng{T) normalises the root subgroups in L' and the positive root groups 
giving rise to L-modules of high weight A3 in the filtration of Q, while exchanging the root groups 
giving rise to the two L-modules of high weight A4. Hence a complement to Q in QX corresponding 
to {ki,k2,k3,k4^) G V is G-conjugate to one corresponding to {ki,k3,k2,ki). Similarly, the element 
?^oii222i normalises the root subgroups in L' and swaps the positive root groups which give rise 
to the two X-modules of high weight A3, and so a complement corresponding to ( 0 , 0 ,0,^4) is 
G-conjugate to one corresponding to (A:4, 0 , 0 , 0 ). Finally, the element nii222io^T'iii2iio normalises 
L' and Uioiuu, and sends C/0000011 to C/1122221 (level 4 ) and sends C/1112221 to C/0000111 (level 2). 
It follows that complements to X in QX corresponding to ( 0 , 0 ,/C3, A;4) and {0,0, k^, ks) are G- 
conjugate. 

Putting this together and applying Lemma 13.251 it follows that there are at most two non-G- 
cr complements to Q in QX up to G-conjugacy, corresponding to {ki,k2,k3,ki) = ( 0 , 0 , 0 , 1 ) and 
( 0 , 0 , 1 , 1 ). Similar reasoning gives the same conclusion for gy and QZ, hence each of these contains 
at most two non-G-cr complements to Q up to conjugacy in G. Moreover, these complements 
each correspond to 4 -tuples {ki,k2,k^,k4) of elements of K with at most two non-zero entries, 
thus these complements lie in the subgroup {Ua,U0,L) for two appropriate positive roots a,/3 
{ai,ag) 1011110 , 0000011 , 1011111 , 1112221 }. The element w above now conjugates X ^ Z ^ Y 
and also permutes the positive root groups appropriately, and hence each complement to Q in gy 
or QZ is G-conjugate to a subgroup of QX. Thus there are at most two G-conjugacy classes of 
non-G-cr subgroups Ai in a iA4-parabolic subgroup with irreducible image in the Levi factor. 
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Let A = Ai < via r( 8 ) and B = Ai ^ ^1^5 via (l[^],VL( 5 )) (recall that ^ 1 ^ 4 ^ is the 
conjugacy class of AiA^ subgroups contained in Eq). Then A and B are non-G-cr by Lemma 13.21 
Moreover, A is contained in a L>4-parabolic subgroup of D5 and hence in a i 44 -parabolic subgroup of 
G, and B is contained in a i 44 -parabolic subgroup of Eq by Theorem [T] and hence in a L>4-parabolic 
subgroup of G. From Table [l 2 l we find that A and B are not GLsg-conjugate and hence are not 
G-conjugate. Therefore, A and B are representatives of the two G-conjugacy classes of non-G-cr 
subgroups in D4-parabolic subgroups. 

From Table [121 dim(Gi(c')(^)) = 6 and dim(Gi(G) (S)) = 4 . Also Cg{A)° > Cg{E>^)° = AiTi, 
and Gg{B)° > Gg{AiA'^) = Ti. Now, in the above analysis we have shown that a complement to 
Q in QX is G-conjugate to a subgroup of (Goooooii) Gioinn, X). But each of these three groups 
commutes with each of the positive root groups Uaj, L0112221 and G2234321, so each complement to 
X in QX must centralise a 3 -dimensional unipotent group generated by positive root elements. It 
follows that Gg(A)° = U2A1T1 and Gg(B)° = G3ri. 

5.10 L' = A 1 A 3 

There are 11 standard AiAs-parabolic subgroups of G. The corresponding Levi factors fall into 
two conjugacy classes; nine standard parabolic subgroups have Levi factor conjugate to L1567, and 
two have Levi factor conjugate to L2567. For each standard parabolic P = QL, we need to consider 
A L via (lW, 3 ). 

Let P = QL be a standard parabolic subgroup whose Levi factor is G-conjugate to Li^qj. Then 
for each of the 9 choices of P, we get V = K^. In each case, one of two scenarios occurs: 

Case 1 ) The there exists a root element in Q, centralised by L', inducing a non-zero isomor¬ 
phism between the two modules 3 ( 8 ) in the filtration of Q, and there also exists an element of 
Ng{T) which fixes the root subgroups in L' and swaps the root subgroups giving rise to these two 
A-modules. By Corollary 13.131 and Lemma 13.251 in this case, up to G-conjugacy there exists at 
most one non-G-cr complement to Q in QX, corresponding to ( 0 , 1 ) € V. 

Case 2 ) There exists an L'-module ( 0 , A2) in some level Vj = Q{j)/Q{j + l) of Q, which restricts 
to X as A^( 3 ) = 4 -|- 0 . In this case, the 1 -dimensional trivial submodule lifts to an A-invariant 
subgroup {xa{c)xi3{kc) : c G A} C Q^ for some pair of roots a, (3 and some fixed k £ K] again 
we get a non-zero homomorphism of A-modules between the two modules 3 ( 8 ) occurring in the 
filtration of Q. Furthermore there exists an element of Ng{T) stabilising the root subgroups in 
L and swapping the appropriate root subgroups in Q, and so by Corollary 13.131 and Lemma [ 3.251 
up to G-conjugacy there exists at most one non-G-cr complement to Q in QX, corresponding to 
( 0 , 1 ) G V. 

Finally, for each of these nine parabolics, there exists an element of Ng{T) sending root sub¬ 
groups of the standard Levi factor to those of L1567, and also sending the root subgroups generating 
one of the modules 3 (8) 1 ^^^ to the appropriate root subgroups in ( 5 i 567 . It follows that all non-G-cr 
subgroups Ai of these nine AiAs-parabolic subgroups of G, with irreducible image in the Levi 
factor, are G-conjugate. 

Next consider the two remaining standard parabolics, F2567 and F2457, whose Levi factors are 
G-conjugate. Then for each, we get V = K^. In P2567 j we find that the subgroup X < L given by 
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the root elements 


x+{t) = Xa 2 {t^)xai. {t)xae i‘^t)xa 7 (3t)xooooiio (4t^)xoooooii (2t^)a:ooooiii (3t^), 

X-(t) = X-a 2 {'t^)x-a5 i3t)x-ae {2t)X-ar (i)3;-0000110 (3t^)x_0000011 (t^)x_0000111 (3t^) 

commutes with the 9-dimensional unipotent subgroup of Q given by 

a:oii22io ( 0 ) 3^0112111 (3a)xiii22io(ft)3;iii2iii (3^) 

X 3:1122210 (c)xii 22111 (3c) 

X UaiUa 2 Ua 3 1^1224321 U 1234321 U 2234321 5 

and this group induces non-zero X-module homomorphisms between each pair of modules in Q with 
non-vanishing first cohomology group. By Proposition 13.12l and Lemma [3.251 every complement to 
Q in QX is G-conjugate to one corresponding to the vector {ki, k 2 ,k 3 , k^) G V where at most one 
coordinate is non-zero. Furthermore, for each pair of modules 3 0 1^^^ occurring in the filtration of 
Q, there exists an element of Ng{T) sending the root subgroups giving rise to one module to those 
giving rise to the other. It follows that up to G-conjugacy there is at most one non-G-cr subgroup Ai 
in ^2567 with irreducible image in the Levi factor. Entirely similar calculations hold for the parabolic 
subgroup P 2457 , and furthermore the element n 3 n 4 n 2 n 5 n 4 n 3 n 6 n 5 n 4 n 2 n 7 n 6 n 5 n 4 n 3 € Ng(T) sends 
the root subgroups in L 2457 to those in ^ 2567 ; and also sends Uag to Ua^. Since these each give rise 
to an X-module 3 0 1^^^ in the filtration of the corresponding unipotent radical, it follows that the 
classes of non-G-cr subgroups Ai arising in each of these parabolic subgroups are G-conjugate. 

Let Y = Ai < A'^ via W{ 5 ), and let Z = Ai < A 5 via W{b). Then Y and Z are non-G-cr 
by Lemma 13.21 and considering their composition factors on L{G) and V 56 tells us that that Y 
and Z are not conjugate in G, and also that Y lies in a parabolic subgroup whose Levi factor is 
G-conjugate to L 1567 , and Z lies in a parabolic subgroup whose Levi factor is G-conjugate to ^ 2567 - 
Hence each of the two possible classes of non-G-cr subgroups above exists. 

From Table [T^ dim(G 7 ,(G') (T)) = 6 and so dim(GG'(E)°) < 6 . Also, Gg'(T)° > Cg{A'^)° = AiTi. 
Moreover in P 1567 , the root subgroups giving rise to an X-module 30l[^] in Q{2))/Q{‘i) each commute 
with the elements Xa 2 (c), xi22432i(c) and xii 222 io(c)xii 22 iii (3c), for all c ^ K, which generate the 
3-dimensional unipotent subgroup . Since Ai < Cg{A'^) does not contain a 2-dimensional 
unipotent subgroup, it follows that Cg{Y)° = U2A1T1. 

Similarly, from Table dYni{C l(^g){^)) = 14 and so dim(GG'(-Z^)°) < 14. Also Cg{Z)° > 

Gg(A 5 )° = A 2 . Above, we have found a 9-dimensional subgroup of Q 2567 centralised by X < L 2567 - 
On the other hand, let I be maximal such that Q2567 (0 contains a module 3 O 1^^^ (in fact I = 6 
here). Then any complement to Q2567(0 ^ Q 2567 {l)X must commute with all of since each 

element of this induces a homomorphism Q2567(0 Q 2567 (^ + j) for some j, which must be the 

zero map by maximality of 1. Hence a non-G-cr complement to Q 2567 in Q 2567 -^) which we have 
shown is conjugate to a subgroup of Q2567(0^ by nn element of Ng{T), centralises a 9-dimensional 
unipotent subgroup generated by positive root elements. Since A 2 does not contain a 4-dimensional 
unipotent subgroup, it follows that Cg{Z)° = UqA2. 


,b,c £ K 
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5.11 L' = AjA2 

There are 12 standard ^2-parabolic subgroups of G. Let X,Y = ^ ^1^2 via (l,lW,2) 

and (l[^l,l, 2 ) respectively. In each such standard parabolic subgroup P = QL, there is pre¬ 
cisely one level of Q containing an ^|^2-iiiodule of the form (1,1, 10 ) or (1, 1 , 01 ), and it follows 
that V = iL in each case. In the standard parabolic subgroup P1235 = Q1235L1235, the module 
( 1 , 1 , 01 ) is generated as an JT-module by the image of the root group Ua^. Then the element 
?^0ii222i?T'223432i^i^3^4^2f^5?T-4^3^i £ Xg{T) fixes Ua^ and swaps the Ai factors of T1235, hence 
each complement to <5i235 in Q1235-T is G-conjugate to a subgroup of Q1235T. 

For P equal to each of the other 11 standard parabolic subgroups, the following element of the 
Weyl group sends the roots of the standard Levi subgroup of P to the roots in L1235 and also sends 
a positive root a, whose root group generates the X-module ( 1 , 1 , 01 ) or ( 1 , 1 , 10 ), to 04. Thus 
a lift of this element conjugates non-G-cr subgroups of these standard parabolics to subgroups of 
P1235■ 


p 

Root a 

Element of Ng{T) 

£457 

0111110 

ne,n^nin2n^ninin'inrne,n^n4,n2 

£367 

0001100 

n6n5n4n2n3nin4n3n5n4n2n6n5n4n3rein7n6n5 

£357 

0112110 

?^0112221«1011111^1111110^1^2?T-3 

£256 

0011000 

n^n^n4n2n^nin4n^n^nin2nQn^ni 

£236 

0001100 

nens 

£467 

0111100 

7J011222l7il011110?T'0101110?^2?73?T'47i5 

£356 

04 

7i6^5^4^27i3nin4n3n5n4n2n6n5n4n3ni 

£267 

0011100 

ne,n^nin2nzninin'in^n4,n2ne,n^n4,njne,n^ 

£237 

0001110 

ngnsnrne 

£247 

0011110 

nen5n4n2U3nin4n3n7n6 

£246 

0011100 

ne,n^ni^n2n^ninin^ 


And therefore there is at most one G-conjugacy class of non-G-cr subgroups Ai in an A^A2- 
parabolic subgroup with irreducible image in a Levi factor. 

Let Z = Ai < II5 via r(6). Then Z lies in an A|A2-parabolic subgroup of the Levi subgroup 
ZI5 and is non-Hs-cr. Hence Z lies in an A^A2-parabolic subgroup of G, and by Lemma 13.21 it is 
non-G-cr. From Table WA dim(G/^(c')(Z)) = 4 , and so Cg{Z)° = Cg{D^)° = AiTi. 


6 Proof of Theorem [2t G = £'7, p = 7 

In this section we prove Theorem [ 2 ] in the case p = 7 , in which case both Ai and G2 subgroups 
occur. The starting point is the following lemma. 

Lemma 6 . 1 . Let L be a Levi subgroup of G containing an L-irreducible subgroup X of type Ai or 
G2. If there exists a parabolic subgroup P of G with Levi factor L and unipotent radical Q, such 
that H^{X,M j, X) 7^ 0 for some level M ofQ, then X and the type of L' appear in Tahle\^ 
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Table 9 : L'-irreducible X with H^{X,M 4 - X) ^ 0 

L' Embedding of X 

Eq X = G2-I see Proposition I, ' 1.71 

X ^ T1X5 via (lW, 5 ) 

AiA 2A.^ X = Ai AiA2A^ via , 2 , 3 ) 


Proof. This follows in the same manner as Lemma 14.11 where the classes of subgroups X = G2 
follow from Proposition 13.71 We note that X = G2 < Aq via 10 has a composition factor 20 on 
Wig (A3). This module occurs in the filtration of the unipotent radical of an Xg-parabolic and has 

VAeih) = A^(^A6(Ai)), hence 


non-vanishing first cohomology group by Lemma [ 3. 17 fin 
V)46(-^3) i X = ^^(^02(10)) is tilting, by Lemma [ 3 T 8 ](iii) . 
H\X,VA,{X3)iX) = 0. 


However, 

By Lemma LS.lSl iv) 


it follows that 

□ 


6.1 L' = Eg 

The unique standard Eg-parabolic subgroup of G is P = P 123456 = QL. In this case Q is an 
irreducible P'-niodule of high weight Ai. First, let X = Ai ^ ^1^5 via (l[^], 5 ). Since VEg(Ai) f 
AiA'^ = ( 1 ,Ai) + ( 0 ,A 4 ), it follows that VEg(Ai);X = (lW 05 )+T( 8 )+O. Therefore, <3) 
and by Lemma 13.251 we hnd that there is exactly one G-conjugacy class of non-G-cr complements 
to Q in QX. Let A = Ai < Ay via IE( 7 ). Then A is non-G-cr by Lemma 13.21 and is contained in 
an HiHg-parabolic subgroup of Aj, and therefore in an Pg-parabolic subgroup of G. Thus T is a 
representative of this class of non-G-cr subgroups of P. 

Still with P = QL as above, we now let Y be the L'-irreducible subgroup of L' of type G2. 
Then Y is contained in a subgroup P 4 of L', and hence VEg(Ai) f Y = 20 -|- 00 . By Lemma 
13.171 H^{Y,Q) = K and thus by Lemma [ 3.251 we have exactly one G-conjugacy class of non- 
G-cr complements to Q in QY. We let P be a representative of such a non-G-cr complement 
and now prove that B is not properly contained in any proper connected reductive subgroup of 
G. Suppose that H is maximal among proper reductive subgroups of G containing B. Using 
Lemma [ 3.31 the restriction Wg f B = T( 20 )^ as given in Table [HI and the restrictions in [T8l 
Tables 8 . 2 , 8.6], we see that H must be simple of type H7. But this implies that B stabilises a 
1 -space on VA7 (Ai), since the only non-trivial irreducible G2-modules of dimension at most 8 are 
Frobenius twists of the 7 -dimensional module 10 . Thus B lies in an Hg-parabolic subgroup of H; 
but Vgg I Aq = Ai/A2/A5/Ag by [T8l Table 8.6], which implies that Vgg | B has a 7 -dimensional 
section as a P-module; a contradiction. Thus B does not lie in any proper reductive subgroup of 
G. 

Now dim(Gi(c') (^)) = dim(G7,(G')(H)) = 1; since Q is abelian and contains a 1 -dimensional 
trivial L'-submodule, this submodule is a 1 -dimensional unipotent group centralised by A and by 
B. Thus Gg(H)° = Gg{B)° = Ui. 

For use later in Section [ 9 ] when computing the restriction of G-modules Vgg and L{G) to B, we 
now show that a conjugate of A is in fact a subgroup of B. We let Z be a maximal subgroup Ai of 
Y, so that Vg2{W) I Z = 6. Since 1/02(10) is tilting and p > 2 , by considering weight multiplicities 
it follows that the symmetric square S‘^{Vg2 ( 10 )) = r( 20 ). Since the Z-module 6 is tilting, it follows 
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that S‘^{G) = T( 12 ) + r(8), and therefore Q -I Z = 12 + T(8) + 0 . This shows two things: Firstly, Z 
is L'-irreducible, since its composition factors on Q = are incompatible with the actions of 

every proper Levi subgroup of L' (see [THl Table 8 . 7 ]), and furthermore H^{Z,Q) = K. Thus Z is 
L'-conjugate to the subgroup X above, so without loss of generality we assume Z = X. Secondly, 
there exists a non-trivial extension of T-modules V = 00|20 such that V I Z = ( 0 | 12 ) + T{8) 
does not contain a trivial submodule. Since H^{Y, 20) and H^{Z, 12) are each 1-dimensional, the 
restriction map H^{Y, 20 ) —)■ H^{Z, 12 ) is an isomorphism of vector spaces. In particular each 
non-G-cr complement to X in QX lies in a non-G-cr complement to Z in QZ and it follows that 
a conjugate of A is contained in B. 

6.2 L' = AiA2A^ 

Let P = ^123567 = QL by the unique standard 74 i 742 ^ 3 -parabohc subgroup of G. Let X = Ai ^ 
AiA 2^3 via 2 , 3 ). Using Lemma[ 3 Tl]as in previous calculations, we find that Q/( 5 ( 2 )) = 

K, while the corresponding cohomology group for the other levels of Q vanishes. By Lemma 13.251 
there is at most one conjugacy class of non-G-cr subgroups in QX. 

Let Y = Ai ^ A1G2 via ( 1 , 6 ) and Z = Ai ^ G2G3 via ( 6 , 5 ). Using the restrictions of L(G) 
and Vci^i) to A1G2 and G2G3 as given in [ 20 l Table 10 . 1 , 10 . 2 ], we find that the action of Y and 
Z on these modules is as given in Table [T 3 j In particular, Y and Z each fix a non-zero element 
of VciXr), and therefore he in a proper subgroup of dimension at least 133 — 56 = 77 ; all such 
subgroups are contained in parabolics. Furthermore dim(Gi(G')(U)) = 0 , and so Y and Z cannot 
centralise a non-trivial torus of G, and thus do not lie in a proper Levi subgroup. Hence Y and Z 
are non-G-cr. Since the action of Y and Z on L(G) does not agree with a non-G-cr subgroup Ai 
in a parabolic subgroup of type Eq, we deduce that Y and Z lie in a parabolic subgroup of type 
A1A2A3 and hence both are representatives of the unique class above. 

Since dim(Gi((j)(y)) = 0 we deduce that Gg(Y)° = 1 . 


7 Proof of Theorem [3l G = Eg, p = 7 

In this section we prove Theorem [ 3 l As in the previous sections, the starting point is the following 
lemma, which determines parabolics P = QL of G and L-irreducible subgroups X such that 
H^{X, Q) may be non-zero. The proof is identical to that of Lemma l6 . 11 

Lemma 7 . 1 . Let L be a Levi subgroup of G containing an L-irreducible subgroup X of type Ai or 
G2. If there exists a parabolic subgroup P of G with Levi factor L and unipotent radical Q, such 
that H^{X,M f X) 7^ 0 for some level M of Q, then X and the type of L' appear in Table UTK 

Table 10 ; L'-irreducible X with H^{X,M f X) 7^ 0 
L' Embedding of X 

Dy X = G2 < Dj via 01 (two L'-conjugacy classes) 

AiEe X^Ai^ A1A1A5 < AiEq via (iM, ib+O, iW) (rs = 0) 
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A12L15 

A 

A3A4 

A 

Eq 

A 


A 

De 

A 

A1A5 

A 

A2D4 

A 


A 

a!A 4 

A 


A 

A1A2A3 

A 


^ A 2 D 5 via (2M,4M + 1 ['■+!] ® iW) (rs = 0; r + 1 / s) 

= 74i A 3 A 4 via (1 0 
= ■—> A 1 A 5 via (l[^],5) 

= G 2 , see Proposition 13.71 

= Ai < Dq via 0 5 (two L'-conjugacy classes) 

= 741 “—^ AiAis via (l[^],5) 

^ A 2 D 4 via ( 2 ,4 + 2 W) 

= Ai ■—>■ A 2 D 4 via (2,3 0 ll^l) (two L'-conjugacy classes) 

= AjA^ via (1,1W, 4) 

= v4i ^ ^ 1^4 via (ll^l, 1 ,4) 

via (lW,2,3) 


7.1 L' = Dy 

Let P = ^2345678 = QL be the unique standard il7-parabolic subgroup of G. Let X = G2 < L' 
with Vdy{^i) 4, ^ = 01 . Then there are two L-conjugacy classes of such subgroups in D^, which 
are distinguished by their action on ^07(^7). Indeed, as outlined in Section [ 9 l if X and Y are 
representatives of these subgroup classes then we can verify computationally that VD^i^r) i X 
and V£n{^7) i Y are uniserial with two composition factors, of dimension 26 and 38 , and we can 
therefore pick Vj:)^{Xy) I X = 11|20 and Vd^{X'/) i T = 20 | 11 . 

Now Q has two levels, and as L'-modules we have Q/Qi 2 ) = A7 and Q{ 2 ) = Ai. By Lemma 
I 3 . 17 l il and Lemma[ 3 T 8 Kiv) we have H^{X, Q{ 2 )) = H^iY, Q{ 2 )) = 0 . By Lemma [ 3. 171 1111 and (iv) 
we have B 7 ( 20 ) = 20|00 and VL(ll) = 11 | 20 . This implies that L7^(G2,20) = K and H^{G2, 11 ) = 
iL*^(G2,ll) = 0 . From the long exact sequence of cohomology induced from 20 11|20 ^ 11 , 

we deduce that L7^(G2, 11 | 20 ) = L7^(G2,20) = K. Now assume that iL^(G2, 20 | 11 ) 7^ 0 . If F 
is a corresponding indecomposable extension of 20|11 by the trivial module, then V* has shape 
ll|( 20 / 00 ). Since all high weights here are less than 11, this module is an image of IF(ll), which 
is absurd. Therefore L7^(G2, 20 | 11 ) = 0 . We have just shown that H^{X,Q/Q{ 2 )) = K and 
H^{Y, Q/Q{ 2 )) = 0 . Hence Xx,q — K and Xy,q = 0 , and by Lemma [ 3.251 there exists at most one 
G-conjugacy class of non-G-cr complements to Q in QX, and none in QY. 

Consider Z = G2 ^ G2G2 < G2F4 via (10,10), where the second factor G2 is maximal in F4. 
By | 36 l Lemma 7 . 13 ], Z is contained in a iA7-parabolic subgroup of G. Furthermore, from Table 
M we see that L{G) i Z has no non-zero trivial submodules and hence Z is not contained in any 
Levi subgroup of G. Therefore, Z is a representative of the conjugacy class of non-G-cr subgroups 
in QX. Since dim(G7,(G)(Z)) = 0 , it follows that Gg{Z)° = 1 . 

7.2 L' = AiEq 

Let P = Pi234568 = QL be the unique standard HiFie-parabolic subgroup of G. Let X = Ai ^ 
A1A1A5 < AiEq via (iM^ ib+i]^ iW) (^rs = 0 ). Then Q has three levels, and H^{X,Q{ 2 )/Q{A)) = 
K, while the corresponding group for the other levels vanishes. Applying Lemma 13.251 there is at 


45 













most one G-conjugacy class of non-G-cr subgroups in QX. 

Now consider Y = Ai ^ AiAy via where Ay is a maximal connected subgroup 

of an Ey Levi subgroup of G. Then V is non-G-cr by Lemma 13.21 and V is contained in an A^Eq- 
parabolic subgroup of AyEy and hence of G. Therefore T is a representative of the conjugacy class 
of non-G-cr complements to Q in QX. 

From Table [T5l dim(G 2 ,(G)(^)) = 1- Since the image of Y in Ay is non-i 77 -cr, by Table [13] this 
image centralises a 1 -dimensional unipotent subgroup of Ey^ and it follows that Gg(T)° = Ui. 

7.3 L' = A^Dy, 

Let P = F’i 234578 = QL be the unique standard ^27l5-parabolic subgroup of G. Let X = Ay ^ 
A 2 LI 5 via (2^,4^ -|- ll^’+b (g) iW -|- 0) (rs = 0; r -|- 1 7 ^ s). The action of X on the levels of Q is as 
follows: 

Q/Q{2) iX = 5 M 0 ll'’+^] + 3 M (g) 11''+^] + iM ® il'-+i] + 5 M ® iW + 3 M (g) iW + iM (g) iW, 
g( 2 )/g( 3 ) IX = eM + 4M + 2M 0 ii'+i] 0 iW + (2^)2, 
g( 3 )/g( 4 ) IX = 3M ® ii"+ii + 3M ® iW, 
g(4)/g(5)ix = 2M. 

We see that Vx,q — K, the unique module with non-vanishing first cohomology group occurring 
in level 1. Applying Lemma 13.251 there is at most one non-G-cr complement to Q in QX, for each 
r and s, up to G-conjugacy. 

Let Y = Ai ^ A 1 A 1 G 2 < AyEy via (iH, lM, 6 M) {rs = 0; r 7 ^ s -|- 1). From Section W72\ we 
know that the image of Y in Ey is non-Fi 7 -cr. By [3l Lemma 2.12], it follows that Y is non-AiFi 7 -cr, 
and since AyEy is a subsystem subgroup of G, by Lemmawe conclude that Y is non-G-cr. The 
image of Y in Ey lies in an AiA 2 A 3 -parabolic subgroup of Ey, and so Y lies in a parabolic subgroup 
of G whose Levi factor contains a subgroup of type ^^^ 2 ^ 3 . The only such Levi subgroup is A 2 II 5 , 
hence T is a representative of the class of non-G-cr subgroups above. 

From Table [m we have dim(Gi(c) (T)) = 0 if r 7 ^ s and dim(Gi(c')(T)) = 1 if r = s. It 
follows that CgO^Y is trivial ifrT^s. Ifr = s = 0 there is a module 1 (g) 1 = 2 -|- 0 occurring in 
g/g( 2 ). Identifying the root elements of X as in previous calculations, we find that for c G K*, 
the following element generates a 1-dimensional subgroup of Q which commutes with X and with 
the roots giving the module 5 (g) l^^l in g/g( 2 ): 

3^00011100 (c)®00001110 (2c)xoo000111 (c)3;i2232100 (6c)xii232110 (5c)xii222111 (6c)xi2233210 (6c^) 

X X12232211 (3c^)xii 233211 (3c^)a:ii232221 (c^)3:i2233321 (40^)3^23464321 (6c^)x23465431 (2c^) 

and it follows that Gg'(T)° = Uy. 

7.4 L' = A 3 A 4 


Let P = Pi 234678 = QL be the unique standard A 3 A 4 -parabolic subgroup of G. We need to 
consider X = Ay ^ A 3 A 4 via (1 g) l[^l,4). With similar calculations to previous sections, we find 
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that H^{X, Q{2)/Q{^)) = K, while the corresponding cohomology groups for other levels vanishes. 
Applying Lemma l3.251 there is at most one class of non-G-cr complements to Q in QX. 

Let Y = Ai < Ag via iy( 8 ). Then Y is non-Ag-cr and thus non-G-cr by Lemma 13.21 and 
comparing the composition factors of Y on L{G) with those of Levi subgroups of G in |18t Table 
8.1] shows that Y can only lie in a parabolic subgroup of G with Levi factor A 3 A 4 . Thus a conjugate 
of T is a representative of the class of non-G-cr complements to Q in QX 

From Table [m we have dim(G/,(G')(y)) = 0 and hence Cg{Y)° = 1. 

7.5 L' = Ee 

Let P = Ti 23456 = QL be the unique standard Sg-parabolic subgroup of G. Let X = Ai ^ 
A 1 A 5 < Eq via 5). Then the actions of X on the levels of Q are as follows: 

Q/Q{2) ; A = 5 ® iW + T( 8 ) + 0 ^, 
g(2)/Q(3) i A = 5 ® iW + r( 8 ) + 0 , 

Q(3)/Q(4) ; A = 5 ® iW + r( 8 ) + 0, 

Q(4)/g(5)iA = 0, 
g(5)/g(6);A = o. 

From Lemma 13.141 it follows that ^x,Q — K^. As in previous sections, it is straightforward to 
determine root subgroups of A in terms of root subgroups of A 1 A 5 , which are root subgroups of 
G. The trivial modules in levels 1 to 5 each lift to elements of as follows: 


Level 

Elements 

1 

Xas (0)2:11221110 (^2:11122110 ( 56 )xoi 122210 ( 3 ^) 

2 

2:11221111 (0)2:11122111 (5a)xoii222ii ( 3 o) 

3 

2:22343221 (o)xi2343321 ( 2 a)xi 2244321 ( 3 o) 

4 

2:23405431(0) 

5 

2:23405432(0) 


If a 7^ 0 , the root element Xag(a) induces a non-trivial homomorphism QjQ{2) —>■ g(2)/g(3) of 
L-modules, and centralises each root group for a root of level 2 . Similarly, each element of the form 
iCii 22 iiio( 0 ) 2:11122111 (5a)xoii222io(3a) induces a non-trivial A-module homomorphism g(2)/g(3) — 
g(3)/g(4), and centralises the root groups in g(l) besides Finally, a lift of a non-trivial 

element of Q{2)/Q{2>) gives rise to a non-trivial A-module homomorphism Q/Q{2) —>■ g(3)/g(4). 
Applying Proposition 13.121 if complements to Q in gA are parametrised by (A:i, A:2,/cs) G Vx.q, 
we may assume kik2 = k2k^ = kik'i = 0 . Next, the element ng € Ng{T) normalises each root 
subgroup in L and swaps the root subgroups occurring in level 1 , other than ag, with those of 
level 2 . In addition, the element njn%n^ni,n2n'inin4,n^n^n4,n2nQn^n4,n'inin'!n%n^n4,n2n^ni,n^n%nj 
stabilises the root subgroups in L and exchanges the root subgroups in levels 2 and 3 . Together 
with Lemma [ 3 . 251 and the subsequent discussion, we conclude that there is at most one G-conjugacy 
class of non-G-cr complements to Q in gA. 
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Rcccill tliSit denotes cl subgroup -/I7 of G which lies in u Levi subgroup Let A — A\ <C A'j 
via W{ 7 ). Then from Section f6.ll we know that A is non-£'7-01 and contained in an E’e-P^-rabolic 
subgroup of £7, with irreducible image in the Levi factor. Hence A is non-G-cr by Lemma 13.21 and 
A is a representative of the class of non-G-cr complements to Q in QX. 

Now let y = G2 be an £6-irreducible subgroup (see Proposition 13 . 7 p . Then the actions of Y on 
the levels of Q are as follows: 


Q/Q( 2 );y = 20 + 00 ^, 

Q(2)/Q(3);y = 20 + 00, 
g(3)/Q(4) ;y = 20 + 00, 

Q(4)/Q(5);y = 00, 

Q( 5 )/Q( 6 ) ;y = 00 . 

By Lemma [ 3 . 17 l we have H^{G2, 20 ) = K, hence complements are parametrised by {ki, k2, k^) G 
Vy,Q. An entirely similar argument to the above shows that there is at most one G-conjugacy class 
of non-G-cr complements to Q in QY. Moreover, a representative subgroup may be taken to lie in 
Q( 3 )y. 

Let B be the non-£7-cr subgroup G2 of £7 given by Theorem [ 2 j Then B is non-G-cr by Lemma 

and is contained in an £6-parabolic subgroup £7 and hence of G. Hence £ is a representative 
of the conjugacy class of non-G-cr subgroups contained in QY. 

From Table [T^ we have dim(G7^(c)(A)) = dim(G7^((5)(£)) = 8. We claim that Cg{B)° = U5A1. 
Since A is conjugate to a subgroup of B, as proved in Section [6Tl it follows from the claim that 
Cg{A)° = U^Ai. To prove the claim we start by noting that the elements of in the above table 
are all centralised by Y and so is a 6-dimensional unipotent subgroup of Cg{Y). We let R be the 
subgroup of Q generated by and Q( 3 ). We know that B is conjugate to a non-G-cr subgroup of 
RY, call it Z. It now follows that CpcviZ) contains Moreover, since Ai = Cg{Ej) < Cg{B), 
it follows that Cg{Z) contains a subgroup of type Ai generated by root subgroups of G. The 
intersection of this subgroup Ai with < Q can be at most 1 -dimensional. Therefore, we have 
found a subgroup U5A1 < Cg{Z). Since dim(GG(£)) < 8 we have proved that Cg{Z)° = U5A1 
and the claim immediately follows. 

7.6 L' = De 

Let P = £234567 = QL be the unique standard £ 6 -parabolic subgroup of G. Let X and Y 
be representatives of the two conjugacy classes of Ai subgroups in Dq which act as 5 0 1^1 on 
Vd 6 (Ai), with Vd 6 (A 5 ) i ^ = VD.iXQ lY = r( 9 ) + 5 ® 2 ^ and VDe(A 6 ) i ^ = VoeiX^) iY = 
r(8) ( 8 ) + 3!^]. Then the actions of X and Y on the levels of Q are as follows: 
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Q/Q{2) ; X = 5 (8) iW + r(8) (8) 1^ + 3^, 
g(2)/Q(3); X = r(9) + 50 2 ™ + 0 , 

Q(3)/Q(4);X = 50lW, 

Q(4)/Q(5);x = 0, 

Q/Q{2) i y = 5 0 iW + r(9) + 50 2 W, 

Q(2)/Q(3) ; y = r(8) 0 iW + 3 W + 0, 

Q( 3 )/g( 4 )iy = 50 iW, 

Q( 4 )/Q( 5 );y = 0. 

By Lemma r 3. 141 we have ^x,Q — ^Y,Q — K^- For both X and Y , the root groups ^^22343211 

give rise to the modules 50 in levels 1 and 3 , and a non-trivial element of 1/22343210 is fixed by L' 
and induces a non-trivial L'-module homomorphism g/g( 2 ) ^ g( 3 )/g( 4 ). Thus if complements 
to Q in QX or QY are parametrised by (^1,^2) € Vx,q or 'Yy,q respectively, by Corollary 13.131 
we may assume that kik2 = 0 . In addition, the element 1122343210 G ^g{T) normalises the root 
subgroups in L', and swaps and 1/22343211 • Thus, applying Lemma [ 3.251 up to G-conjugacy 
there exists at most one non-G-cr complement to Q in QX and at most one non-G-cr complement 
to Q in gy. Finally, the element n%njnQn^n 4 ,n 2 n^n 4 ,n^nQnjn% induces a graph automorphism on 
L' , swapping the class of X and Y, while centralising the root group 1/22343211- Thus a non-G-cr 
complement to Q in QX is conjugate to a subgroup of gy. 

Let Z + < Dj via T( 12 ). Then Z is non-G-cr by Lemma 13.21 and is contained in a -De¬ 

parabolic subgroup of the Levi subgroup Dy. Hence Z lies in a -Dy-parabolic subgroup of G, and is 
thus conjugate to a non-G-cr complement to Q in QX. 

From Table [T^ dim(Gj;,(c')(Z)) = 3, and Cg{Z) > Cg{Dj) = Ty. Now, the two root groups 
D22343210 and ^23465432 Centralise L and g(2), thus a non-G-cr complement to Q in QX correspond¬ 
ing to (0,1) G Vx.Q, which lies in Q{2)X, also centralises this 2-dimensional unipotent subgroup 
generated by positive root elements. It follows that Cg{Z)° = U 2 T 1 . 

7.7 L' = A 1 A 5 

The three standard HiHs-parabolic subgroups of G are -Pi24567) F’i45678 and -Pi34568- Let X = Ai ^ 
AiA^ via (ll^l, 5 ). First consider Pi24567- Then the actions of X on the levels of g = gi24567 are 
as follows: 
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Q/Q{ 2 ) iX = T{8) ( 8 ) iW + 5 + 1 ™, 

Q( 2 )/Q( 3 ) i X = r( 8 ) + 5 ( 8 ) 1 ^ + 0 , 

Q( 3 )/Q( 4 );X = T( 9)+5 + lW, 
g( 4 )/g( 5 )iX = 50 lW, 
g( 5 )/g( 6 );x = 5 , 
g( 6 )/g( 7 )ix = o. 

By Lemma 13.141 we have Vx,q — The modules of high weight 5 ( 8 > are generated by 
C^ooiiiiii and t/12343211, and the element ni23432ioraire3n4n2n5re4n3re6n5re4n2n7n6n5n4n3 € Ng{T) 
stabilises the set of root subgroups in L' while swapping C/00111111 and C/12343211 • Now, X lies in a 
subgroup j 4 iC 3 of L'. This subgroup acts on g(2)/g(3) as ( 1 , Ai) + ( 0 , /\^ Ai). Since /\^ Ai is self¬ 
dual it follows that /\^ Ai = A2 + 0 . This trivial direct summand is the trivial X-module summand 
in g(2)/g(3). Using Lemma 13.181 the other AiC'3-summands occurring in the filtration of Q are 
tilting, and therefore have zero first cohomology group. Thus the trivial summand in g(2)/g(3) 
lifts to a 1 -dimensional subgroup of , and therefore gives rise to a non-trivial X- 

module homomorphism g(2)/g(3) —)■ g(4)/g(5). By Corollary 13.131 if complements to Q in QX 
are parametrised by {ki,k2) € Vjv,q, then we may assume kik2 = 0 . Applying Lemma 13.251 and 
the above Weyl group elements, there is at most one G-conjugacy class of non-G-cr complements 
to g in QX. 

Entirely similar arguments hold for ^134568 and T’i45678- In the filtration of gi34568) one of the 
two modules 5 ( 8 ) 1^1 is generated as an A-module by the image of C/q,^, and in gi45678 one such 
module is generated by Ua^- The element rei 335432 in 223432 io?^ioiiiiiin 2 n 4 n 3 n 5 n 4 n 2 n 6 n 5 n 4 n 3 n 8 G 
Ng(T) sends the root subgroups in L124567 to those in L134568 and sends C/00111111 to C/q,^, while the 
element n2nin^nQn7ns sends the root subgroups in L124567 to those of L145678 and sends C/00111111 
to C/qj. It follows that up to G-conjugacy there is at most one non-G-cr subgroup contained in an 
AiAs-parabolic with irreducible image in the Levi factor. 

Let Y = Ai < Aj via W{ 7 ). Then Y is non-G-cr by Lemma 13.21 and contained in an A1A5- 
parabolic subgroup of the Levi subgroup A7 and hence in an AiAs-parabolic subgroup of G. Hence 
y is a representative of the class of non-G-cr subgroups above. 

From Table fTHl dim(Gi((7)(T)) = 3 , and Cg(Y)° > CgIA^) = Ti. Moreover, a non-G-cr sub¬ 
group of QX corresponding to ( 0 , 1 ) G Vx,q lies in g(4)A, and thus centralises both Z{Q) = g(6) 
and the 1 -dimensional subgroup of fixed points giving rise to the trivial A-module in g( 2 )/g( 3 ). 
Thus Cg(Y) contains a 2 -dimensional unipotent subgroup containing only positive root elements, 
and it follows that CGiY)° = U2T1. 

7.8 L' = H 2 I /4 

Let P = T234578 = QL be the unique standard A2l/4-parabolic subgroup of G. Let X, Y and Z 
be representatives of the three L'-conjugacy classes of L'-ix-x-educible subgroups, with the natural 
A2-module Ai restricting to X, Y and Z with high weight 2 , and X = 4 - T — 
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Vd 4 (Ai);^ = 4 + 2 W, so that the other two of these 8 -dimensional D 4 -modules restricts as 3(8) 

The actions of L' on the levels of Q are as follows: 

Q/Q(2)iL' = (00,A3) + (10,A4), 

Q(2)/g(3) iL' = (10,Ai) + (01,0), 
g(3)/g(4) iL' = (01,A3), 

Q(4)/g(5) iL' = (00,Ai) + (01,0), 
g(5)/g(6) iL' = (oo,A4), 
g(6)/g(7) iL' = ( 10 , 0 ). 

It follows that Vx,Q — Vy,Q — ^ z,q — K^- The two L'-modules occurring in the filtration of Q 
with non-vanishing first cohomology group for X (resp. Y and Z) are generated as L'-modules 
by the images of the root groups Ua^ and C/ioiiiioo (resp. C/ioiiiioo and t/ 11122210 ; and Ua^ and 

t7iii222io)- 

Whenever the partial map p : 'Vx,Q H^{X,Q) is defined, let X[a,b] denote a complement to 
g in QX corresponding to (a, 6 ) G Vx,q, and similarly for 4)^ ;,] and Z^a^b]- 

Note that g(5)/g(6) contains a T-module direct summand 21^1, and g(4)/g(5) contains a 
Z-module summand 21^]. By Lemma 13.151 these modules have non-vanishing second cohomology 
group, and so the map p is not necessarily defined everywhere. If the basis of ^y,q is chosen 
to consist of a non-zero element from each group H^{Y,Q{2)/Q{Y)) and H^{Y,Q{2i)/Q{Y)), and 
similarly for Z, with similar calculations to those of Section [4.21 we find that the condition ab = 0 
is necessary for the complements Y^^^b] or ^\a,b] to exist. 

The typical element of Z{L): 

h{u,t) hi{t^u~^)h2{t)hz{t^u~^)h4^{t^)h^{tv?)hQ{u^)hT{u^)hs{u^) 

acts as the scalar u^t~^ on the module generated by the image of and as tu~^ on the module 
generated by the image of f7ioiiiioO) hence Lemma [3.251 applies and complements to Q in QX are 
G-conjugate to one of ^[ 0 , 1 ]) ^[ 1 , 0 ] or ATji 4 ], while complements to Q in QY are conjugate 

to T[o^o]) or T[o^i], and complements to Q in QZ are conjugate to Z^q^q^, ^[ 0 , 1 ] or .Z’ji o]- 

The element nin 3 n 4 n 2 n 5 n 4 n 3 ni G Ng{T) induces a non-trivial graph automorphism of the D 4 
factor of L'. This fixes the L'-conjugacy class of X whilst swapping Y and Z, and also fixes the root 
group t /11122210 whilst swapping t/^g and t/ionnoo- Therefore, and At[i qj are conjugate in G; 
as are Tji g] and ■Z'ji gj; and Tjg 1 ] and ■Z'jg ij. Similarly, the element ngii 222 ion 8 n 7 n 6 n 5 n 4 n 2 n 3 n 4 n 5 n 6 
swaps t/ioiiiigg and t/ 11122210 ) and also stabilises Y and swaps X and Z. Therefore Aljq i] is G- 
conjugate to .Z’jg 1 ], and Tji gj is G-conjugate to T[g ij. Finally, the element 

n223A32ion23A654:32nsn7nQn5n^n2n3n4n5nQnjns 

normalises Y, swaps X and Z, and stabilises t/^g. Hence ACji g] and ■Z'ji gj are conjugate in G. It 
follows that there are at most two G-conjugacy classes of non-G-cr subgroups Ai with irreducible 
image in a Levi factor of type A 2 Di, represented by Atji 1 ] and Atjg ij. 

Consider ^ = j4i < Dj via T(I0) and B = Ai ^ j4ij4iG2 < A 1 E 7 via (1, l[^l,6[^]). Then A lies 
in an A 2 iA 4 -parabolic subgroup of the Levi subgroup Dj, and hence in an 742D4-parabolic subgroup 
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of G. Also, by Lemma [3.2l B is non-G-cr if and only if it is By [3l Lemma 2.12], this 

is the case if and only if the image of B in Ej is non-Liy-cr, which we know is true from Theorem [2j 
Furthermore, we know that the image of B in E^ lies in an AiA 2 A 3 -parabolic subgroup of Ej (cf. 
Sectioning]), and so B lies in a parabolic subgroup of G whose Levi factor contains a subgroup 
The only possibility for this is A 2 D 5 ; then by consideration of composition factors of B 
on L{G) we must have Vdz{^i) i B = 4 + (g) +0 = 4 + 21^1 + 0^. In particular the image 

of B in ZI 5 lies in a subgroup D 4 , so B is contained in an A 2114 -parabolic subgroup of G, with 
irreducible image in the Levi factor. 

Thus A and B are non-G-cr subgroups of G, each contained in an A 2 ll 4 -parabohc subgroup 
with irreducible image in the Levi factor. Since dim(Gy^(( 2 ')(B)) = 0 we have Gg{B)° = 1, and 
since dim(Gy,(G')(A)) = 1 we have Gg(^)° = Gg{E>j)° = Ti. This also shows that A and B are not 
G-conjugate. 

7.9 L' = AjAi 

The four standard Af A 4 -parabolic subgroups of G are ^ 235678 ) 7’i25678) 7’i24568 and Pi 23468 - Let 
X,Y = Ai < AfA^ via (l,l[^l,4) and (lW,l,4), respectively. If P = QL is one of these four 
parabolics and X < L, then in the filtration of Q there is a unique L-module direct summand 
(1,1,4), generated as an L-module by the image of Ua as in the table below. This gives rise to 
a unique indecomposable summand in the filtration of Q for X (resp. Y) with non-vanishing first 
cohomology group. Then the element of Ng{T) given in the table below sends the root subgroups of 
L to those of L 235678 and sends Ua to Ua^- By Lemma fS. 251 there is at most one G-conjugacy class 
of non-G-cr complements to Q in QX and at most one G-conjugacy class of non-G-cr complements 
to Q in QY for each choice of parabolic, and such complements arising for different choices of 
parabolic subgroup are all conjugate in G. 


p 

Root a 

Element of Ng{T) 

+235678 

C14 

I 

-+125678 

C13 + C14 

nin3 

+124568 

OOIIIIIO 

nin3n4n2n.5n4n6n5n7n6n8n7 

+123468 

0II22II0 

7l2234321071l011111l71llll0000 712115714713^6715714717716^5 


Furthermore, the element n223432io^234654327r87i77r67i5n4n2n3n4n5n6n7n8 stabilises the set of root 
subgroups in + 235678 , swapping the two Ai factors, while fixing Ua^- Hence a non-G-cr complement 
to Q in QY is G-conjugate to a subgroup of QX, so up to G-conjugacy there exists at most one 
non-G-cr subgroup Ai with irreducible image in a Levi factor of type AfA^. 

Let Z = Ai < Dj via +( 8 ). Then Z is non-G-cr by Lemma 13.21 and is contained in a A^A 4 - 
parabolic subgroup of the Levi subgroup Dj, and hence in an AfA 4 -parabolic subgroup of G. 
Therefore, Z is a representative for the class of non-G-cr subgroups above. 

From Table [T^ dim(Gy,(G')(Z)) = 1 and so Cg{Z)° = Cg{E)j)° = Ty. 
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7.10 L' = 


The four standard ^iA 2 A 3 -parabolic subgroups of G are -Pi 23567 ) -Pi 23678 ) -Pi 24678 and -Pi 24578 - We 
need to consider X = Ai ^ ^ 1 ^ 2 A 3 via (l[^l,2,3). If P = QL is one of these four parabolics, 
in the filtration of Q there is a unique L-module direct summand on which each simple factor of 
L acts non-trivially. This gives rise to a unique indecomposable X-module direct summand with 
non-vanishing hrst cohomology group, generated as an X-module by the image of Ua as in the 
table below. Then the corresponding element of Nc{T) sends the root subgroups of L to those of 
1^123567 and sends Ua to 1 / 0 , 4 . By Lemma [8.251 there is at most one G-conjugacy class of non-G-cr 
complements to Q in QX for each choice of parabolic, and such non-G-cr complements arising for 
different choices of parabolic subgroup are all conjugate in G. 


p 

Root a 

Element of Ng(T) 

7*123567 

04 

1 

7*123678 

00011000 

nsnynens 

7*124678 

00111000 

n%n'in^n^ni^n2n^nini^n‘i 

7*124578 

00111100 

n%n^n^n^nin2n^nln/^n‘in^nin2nQn^nin'!nQn^n^n^nQ 


Let Y = Ai ^ A 1 G 2 < Ef via (1,6). Then Y is non-P 7 -cr by Theorem [51 hence is non- 
G-cr by Lemma 13.21 In addition, from Section 16.21 we know that Y is contained in an A 1 A 2 A 3 - 
parabolic subgroup of Ej, hence Y lies in an AiA 2 A 3 -parabolic subgroup of G, and is therefore a 
representative of the unique class of non-G-cr subgroups arising above. 

From Table mi dim(Gi(G')(T)) = 3 and so Gg{Y)° = Gg{E 7 )° = Ai. 

8 Proof of Theorem |4] and Corollaries [51-1111 

Having now proved Theorems dHSl in this section we prove Theorem 0] and all the corollaries 
stated in the introduction. Throughout, G denotes an exceptional simple algebraic group, over an 
algebraically closed field of characteristic p = 5 or 7. 

Proof of Theorem Let X he a non-G-cr connected reductive subgroup of G. If X is not simple, 
then since p is good for G it follows from [H Theorem 1.3] that some simple factor of the derived 
subgroup X' is non-G-cr. Conversely if some such simple factor of X' is non-G-cr, then as this 
factor is normal in X it follows from [3l Theorem 3.10] that X is non-G-cr. 

Thus it suffices to enumerate reductive subgroups of XGg{X)° containing X, for each non-G-cr 
simple subgroup X in Tables fTTIfTHl The results are precisely Tables [I7| and 081 Where we have 
written “ 00 -many classes”, the distinct classes arise since a group of type AiTi contains infinitely 
many pairwise non-conjugate 1-dimensional tori. For instance, GL 2 {K) contains the 1-dimensional 
tori {(0 ^ € K*f for n > 1. It remains to prove that no two subgroups given in Tables 071 

and 08 ] are Aut(G)-conjugate. Firstly, notice that each reductive subgroup X contains a unique 
non-G-cr normal simple subgroup, so if Xi and X 2 are non-G-cr reductive subgroups then we 
may assume Xi, X 2 < YGg(Y)° for some non-G-cr simple subgroup Y. Since Xi and X 2 are 
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isomorphic, inspection now shows that this is impossible unless either Xi = X 2 , or CciX) = AiTi 
and Xi, X 2 are each equal to the product of Y with a 1-dimensional torus of CciY). Consideration 
of L{G) I Xi, L{G) 4 , X 2 then shows that Xi and X 2 can only be conjugate if the corresponding 
tori are Ng{Y) = yC'G(h")-conjugate, which gives the result. □ 

Proof of Corollary For G-cr subgroups of G, this follows from [191 Theorems 3, 4]. For non-G-cr 
subgroups, by Theorems [IHH] it suffices to inspect L{G) X for each subgroup X in Tables fTTF 

m □ 

Proof of Corollary Let X be a non-G-cr reductive subgroup of G, and suppose that X' is not 
contained in a proper subsystem subgroup of G. Then Z{X)° = 1 and Cg{X)° is unipotent, 
otherwise X centralises a non-trivial torus and lies in the corresponding Levi subgroup. Now, the 
first column of Tables [TTH17I gives a proper subsystem subgroup of G containing X, for each non-G- 
cr subgroup X, with the exception of the simple groups given in (ii), (iii) and (iv) of this corollary. 
These three subgroups cannot lie in a proper subsystem subgroup of the relevant group G, since 
all non-G-cr subgroups of subsystem subgroups appear elsewhere in Tables [TTHT71 and therefore 
represent different conjugacy classes of subgroups. This proves that exactly one of (i)-(iv) holds, 
and furthermore each of the subgroups in (ii), (iii) and (iv) is uniquely determined up to conjugacy 
in the ambient group G. 

Now let M be connected and maximal among reductive subgroups of G. If M is G-reducible, 
then either M is G-cr and therefore maximal among proper Levi subgroups of G, or M is non-G-cr, 
in which case G = Ef, p = 7 and M is conjugate to the non-G-cr subgroup G 2 in part (iii) above. 
If instead M is G-irreducible, then an application of the Borel-Tits Theorem shows that M is in 
fact a maximal connected subgroup of G, as required. □ 

Proof of Corollary^ Let M be maximal among proper reductive subgroups of G and lei X < M 
be M-irreducible and non-G-cr. If Z{M)° 7 ^ 1 then M is a Levi subgroup of G, and so all M-cr 
subgroups of M are G-cr by IMl Proposition 3.2]. Thus M is semisimple. Also X is semisimple as 
X cannot centralise a non-trivial torus of M. 

If M is G-cr then either M is the derived subgroup of a maximal Levi subgroup, or M is G- 
irreducible and therefore a maximal connected subgroup of G. In the former case, M is a subsystem 
subgroup of G and so every M-irreducible subgroup is G-cr. We will consider the case that M is 
a non-subsystem maximal connected subgroup of G shortly. 

If instead M is non-G-cr, then from Corollary [ 6 ] we know that G = Ej, p = 7 and M is conjugate 
to the unique non-G-cr subgroup G 2 in part (iii). Thus either A = M or A is an M-irreducible 
proper subgroup of M. The maximal M-irreducible subgroups of M are of type Ai, AiAi and 
A 2 ; we have proved in Section [ 6 . 1 1 that the former of these is non-G-cr, while the latter two are 
centralisers (in M) of non-central semisimple elements, of order 2 and 3 respectively, and therefore 
lie in a proper subsystem subgroup of G. By Theorem [21 the only non-G-cr subgroups of G are 
conjugate either to M or its maximal subgroup Ai, or to a second class of subgroups Ai, which 
by Corollary [ 6 ] do not lie in a proper subsystem subgroup of G, and hence do not lie in M. This 
justifies the entries in Tabled] with M non-G-cr. 

We may now assume that M is G-irreducible, and therefore a maximal connected subgroup of 
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G. Thus M is one of the subgroups given by Lemma [331 and by hypothesis M is not a subsystem 
snbgronp. Furthermore G = Eq and M = F 4 or C 4 , then M is the centraliser of an involutary 
automorphism of G, and since p 7 ^ 2 it follows from [3l Corollary 3.21] that every M-irredncible 
snbgronp of M is G-cr. Since {G,p) = {Eq,5), (£^ 7 ,5), (£ 7 , 7 ) or (£8,7), the possibilities for M are 
therefore as follows: M = A 2 G 2 or A 2 (two classes) when G = £ 5 ; M = G 2 G 3 , AiE^^, A 1 G 2 , AiAi 
or A 2 when G = £ 7 ; and M = G 2 E 4 , £2 or ^ 1^2 when G = Eg- 

If G = Eq then by Theorems [T] and X has type Ai or AiAi. If M = A 2 G 2 then the image 
of X in the G 2 factor lies in a maximal subgroup or A 2 of this factor. Now L{G) A 2 G 2 = 

£(^ 2 ) + £(G 2 ) + (11,10) by [26l p. 193]. Since £(^ 2 ) restricted to a maximal snbgronp Ai has 
shape 4 + 2, and £(G 2 ) i AiAi = (2,0) + (0,2) + (1,3) and £(G 2 ) X A 2 = £(^ 2 ) + 01 + 10, it 
follows that £(G) X has at least three 3-dimensional direct summands and two 4-dimensional 
snmmands, with pairwise zero intersections. No possible X in Table [TTl or 1171 satisfies this. 

On the other hand, if M is a maximal subgroup of type A 2 and X is a maximal snbgronp Ai 
of M, then using the restrictions Vg'(Ai) I M = 22jll or 11|22 and £(G) M = 41 + 14 + 11 given 
in pni Tables 10 . 1 , 10 . 2 ], it follows that Vg{\i) iX = T( 8 ) + W{6) + 4^ or T( 8 ) + W{6)* + 4^, 
and £(G) X X = £(10)^ + £( 6 )^ + 4^ + 2. In particular X fixes a 1-space on Vg(Ai) and lies in 
a subgroup of dimension at least 78 — dim(VG'(Ai)) = 51. By Lemma [33] the only snch snbgronps 
are contained in parabolic subgroups, hence X is G-reducible. Since X is fixed-point-free on £(G), 
X cannot centralise a non-trivial torus of G, and hence is non-G-cr. Finally, nsing Theorem [1] 
and comparing the composition factors of X on £(G) and Vg'(Ai) with Table fTTl we see that X is 
Ant(G)-conjugate to a subgroup Ai < AiA^ via (1,IT(5)) as in Tabled) 

For G = £7 or £3 we proceed similarly, considering each possible snbgronp M and its action 
on £(G) and Vg^Xj) when G = £ 7 ; these are given by [20) Tables 10.1, 10.2]. In each case, we find 
that no simple snbgronp of M of the appropriate isomorphism type can act on £(G) or Vg{\7) in 
the manner given in Tables [7211161 except for the subgroups of M given in the final colnmn of Table 
d) In these cases, the restriction is compatible with the non-G-cr snbgronps X given in the fonrth 
colnmn there. Thus if we show that these subgroups of M are non-G-cr, then as their conjngacy 
class is determined by their action on £(G), it will follow that they are indeed conjugate to the 
non-G-cr subgroups X in colnmn 4. Fnrthermore since none of the subgroups listed in colnmn 4 
centralise a non-trivial rednctive subgroup of G, it follows that no semisimple, non-simple, non-G-cr 
snbgronp of G lies in any such M. 

It remains to prove that each subgroup X of M given in the final column of Table [1) is in fact 
non-G-cr. Firstly, nsing the fact that the action of X on £(G) agrees with the appropriate non-G-cr 
snbgronp in the fourth column of Tabled) we see that £(G) X ^ has no trivial direct summands. If 
X centralises a non-trivial torns S of G, then L{Gg{S)) = L{S) © £(Gg( 5')') is a direct snmmand 
of £(G) X Cg{S)] a complement is given by the snm of those root spaces of L{G) not centralised by 
the action of S (see also |5) Lemma 3.9]). Since X < Gg{S), this implies that L{S) is a trivial direct 
summand of £(G) J, X, a contradiction. Hence each possible subgroup X is G-indecomposable. 

We now show that every subgroup X of each subgroup M lies in a parabolic subgroup of G. 
For G = £7 it suffices to note that X has a non-zero fixed point on Vg'(A 7 ); the corresponding 
stabiliser has dimension at least 133 — 56 = 77, and every subgroup of G of such a dimension lies 
in a parabolic subgroup by Lemma 13.31 Thus X is indeed G-reducible. For G = £3 it is shown 
in |20) Section 3.3] that a subgroup of type Ai with the same composition factors on £(G) as the 
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subgroup Ai < Ag via VK( 8 ) must in fact be conjugate to a subgroup of Ag; it follows that X is 
conjugate to this non-G-cr subgroup. Finally the subgroup G 2 ^ G 2 G 2 < G 2 F 4 via (10,10) is 
shown to be G-reducible in [361 Lemma 7.13], completing the proof. □ 

Proof of Corollary This is a matter of inspecting Tables [TT11171 noting that only the non-G-cr 
subgroups of type G 2 and A 1 G 2 are restricted; the Ai factor of the non-G-cr subgroup A 1 G 2 of 
G = F^g is restricted because it is the centraliser of a subsystem subgroup E-j, and L{G) f AiEy = 
L{Ai) + L{Ej) + (1, A 7 ) (see [26l 1.8]), so the high weights of L{G) | Ai are at most 2. □ 

Proof of Corollary If X is a reductive subgroup of G with Cg{X)° = 1 then Z{X)° = 1 and X 
lies in no proper Levi subgroup of G, since then X would centralise a non-trivial torus. Thus either 
X is G-irreducible or X is non-G-cr. Inspecting Tables [1111171 we see that each non-G-cr subgroup 
X with Cg{X)° = 1 appears in Tabled as required. □ 

Proof of Corollaries \1(]\ and\ll\ Theorems (THU show that for each exceptional simple algebraic 
group G, there are only a finite number of non-G-cr reductive subgroups of G having a speci¬ 
fied set of composition factors on L(G), which immediately implies each of these corollaries. □ 


9 Restrictions of G-modules to non-G-cr subgroups 

Let V be either L(G), or V 27 or V 56 when G is of type Eq or Ej respectively, and let X be one of 
the non-G-cr simple subgroups of G listed in Tables fTTHTGl Here, we justify the restrictions V f X 
given in those tables, which have been used in proving aspects of Theorems [IHHl 

With the exception of the groups of type G 2 in Table flTl which we will consider at the end 
of this section, each subgroup X listed is properly contained in a proper semisimple subgroup H 
of G, which is given in the tables. For example, in the first line of Table fTTl X is contained in a 
Levi subgroup H of type A^ va. G = Eq. Now, each subgroup H occurring is either a subsystem 
subgroup of G, or is contained in one of a small number of known maximal connected subgroups 
(cf. Lemma 13.311 . In the latter case, the action of the maximal connected subgroup on the low¬ 
dimensional G-modules is given explicitly in [2n[ Table 10.1], and the action of H is straightforward 
to determine from this. 

If F7 is a subsystem subgroup occuring, and if either H has maximal rank or G = and H 
is a subgroup of type FI 5 , then V f Ef is given in [211 Lemmas 11.2, 11.8, 11.10]. Moreover, if 
G = Ej and H = Eq then V f Ef is given in [181 Tables 8.2, 8 . 6 ]. From these it is straightforward 
to determine V f Ef for all other type of subgroup H occurring. 

If a factor Hq of H is classical or of type G 2 , then the given embedding determines the action 
of X on Vh'o('^i) (considered as an F7-module in the obvious way). From this it is straightforward 
to determine the high weights of related modules, such as symmetric and alternating powers, and 
tensor products. Moreover as discussed in the proof of Lemma [3.181 since p > 3 each of the modules 
S‘^{V), /\^{V) and /\^{V) occurs as a direct summand in a tensor power of V. It then follows from 
[m Corollary 1.3] that if V has a filtration by Weyl modules (respectively, dual Weyl modules), so 
too do these symmetric and alternating powers. This is sufficient information to determine V f X, 
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unless some factor Hq has type Dn and V I Hq involves a spin module; we will address this problem 
shortly. 

As an example, consider the final line of Table [TTl where G = Eq, p = 5 and where X ^ H = 
AiA^ via (fW^ pp(5)W) with rs = 0. From m Propositions 2.1, 2.3] it follows that 

L{G) X H = L{Ai) + L{A^) + (1, A 3 ), 

F27i^^ = (0,A4) + (l,Ai) 

where the direct-sum decompositions follow as no factors here can extend another indecomposably. 
Now, the As-module A 4 = restricts to the image of X as Since (1F(5)W)* 

has high weights and 3(5^), it follows easily that A 4 | X has high weights 8(5^), 4(5^), 0 and 
0. Since has a filtration by duals of Weyl modules, and since Wx{A) and hFx(O) are 

irreducible, while Wx{8) = Vx(8)|0, it follows that 0 T( 8 )W. The other H- 

direct summands of L{G) and V 27 are also constructed as tensor products and alternating powers 
of (0, Ai) and (1,0), and we proceed in an entirely similar manner. The restriction in Table [TTl 
follows. 

Now consider spin modules for Dn- Given a sub-torus of a simply-connected group of type 
Dn, the weights of this torus on the spin modules VD„(An-i) and Voni^n) are straightforward to 
determine from the weights of this torus on the natural 2 n-dimensional module; an example of 
such a calculation is given in m pp. 195-197]. For the exact module structure, we make use of 
Magma’s functionality to work within groups of Lie type. In particular. Magma allows us to 
explicitly construct a finite quasi-simple subgroup X{q) < X, as an irreducible matrix group of 
degree 2n over a field of size q, preserving an explicit quadratic form. We can then take a pre-image 
of X{q) under the natural 2n-dimensional representation of a group of Lie type Dn, and then take 
the image of this under a representation of high weight A^-i or A„. 

As an example, let G be simple of type Eq, let L' be a simple subgroup of type Dy as in Section 
EH and let X be a simple subgroup of type G 2 , with Vo-riXi) 4- X = 01. Using Magma as above, 
we find that the spin modules Vd-j{X^) and Vdj{X 7 ) restrict to a finite subgroup X(7^) as uniserial 
modules with composition factor dimensions 38 and 26. Since the composition factors of X on 
L{G) must agree with those of the image of X in Dj, which are given in [181 Table 8.1], we deduce 
that i X = 11|20 and Vd-j{\) i X = 20|11, or vice-versa. 

Finally, we need to consider the case where X is of type G 2 and contained in no reductive 
overgroup of G = Ej, as in Table [TH The only possible parabolic subgroups of Ej containing X 
have Levi factor of type Eq, and the image of X under projection to the Levi factor lies in a proper 
subgroup F 4 . Using [T8l Tables 8.4, 8 . 6 ] and [20l Tables 10.1, 10 . 2 ], we deduce that the restriction 
of U to X has the composition factors as given in Table [T4l To determine the exact structure of the 
restriction of V to X, we consider the maximal subgroup Ai of X, call it Y. From Section [6.11 we 
know that Y is conjugate to a subgroup Ai < A 7 via VF(7) and therefore U j, U is given in Table 
m We claim that this enough to determine U j, X. To prove the claim we first take V = V 56 . We 
know that the X-composition factors of V are 20^/00^. Since V is self-dual and H^{G2,20) = K, 
the possibilities for U j, X are thus r(20)^, r(20) -|- 20 -|- 00^, VF(20) -|- VF(20)* -|- 00^ or 20^ -|- 00^. 
Moreover, we know that V I Y = r(12)^ -|-r( 8 )^ = (0|12|0)^ -|- (4|8|4)^. Thus the fixed-point space 
of X on U is at most 2-dimensional, and therefore V I X = r(20)^ as claimed in Table [TTl 

Now suppose V = L{G). As given in Table IT^ the fixed-point space of U on U is 1-dimensional. 
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The X-composition factors of V are 11/20^/01/00^. Suppose M,N are two such composition 
factors. Then Extx{M, N) ^ 0 precisely when {M, X} = {11,20} or {20,00}, in which case 
Ext}f(M, X) = K. This leaves a number of possibilities for X { X but only one, namely T(ll) + 
T(20) + 01, has fixed-point space of dimension at most 1. This concludes the justification of the 
restrictions of X to X given in Table [TH 


10 Tables for Theorems [THU 

In this section, we give the tables referred to in Theorems [THll Each line of a table corresponding to 
the exceptional Lie type G, characteristic p, and subgroup type Ai or G 2 gives a representative of 
an Aut(G)-conjugacy class of non-G-cr subgroups of that type. Eor each simple non-G-cr subgroup 
X we also give the action of X on the adjoint module T(G), and on the module X 27 = Xg'(Ai) when 
G has type Eg, and on Xgg = Xg(A 7 ) when G has type E-j. Einally, we also give the connected 
centraliser Cg{X)° for each X. The notation for modules and embeddings, e.g. ‘X < via 1X(5)’ 
is explained in Section [2j 

In Table [H] each given Aut(G)-class of subgroups splits into two G-conjugacy classes, inter¬ 
changed by the graph automorphism of G. 

Table 11: Non-G-cr subgroups of type Ai in G = Eq, p = 5. 


Non-G-cr subgroup 
X ^ Ai 

X27;x 

L(G) i X 

Ccixr 

X < A 5 via 1X(5) 

r(8) + 1X(5)2 + 4 

r(10)+ 92 + r(6)+ T(5)2+ 4 + 03 Ai 

X < E 5 via r( 6 ) 

T(7)+T(6) + lX(5) + 0 

r(io) + r(7)2 + r(6)2 + ix(5) + 
1X(5)* + 4 + 0 

Ti 

X < E 5 via r( 8 ) 

IX(IO) + r(8) + 4 + 0 

14 + r(io) + ix(io) + ix(io)* + 
r(6) + 42 + 0 

Ti 

X A 1 A 5 via 

iM ®1X(5)W + 

iH (g, gW + iH ^ + 2 W + 

1 

(iM,1X(5)W) {rs = 

0) r(8)W-h4H 

r(io)W +r(6)H + 4 W 


Table 12: Non-G-cr subgroups of type Ai in G = E 7 , p = 5. 


Non-G-cr 
subgroup X = Ai 

^56 

L{G) i X 

Ccixr 

X < A 5 via 1X(5) 

9+r(5) + lX(5)3 + (lX(5)*)3 

T(10) + T{8f + r(6) +4^ + 0® 

U&A 2 

X < A '5 via 1X(5) 

r(8)2 + 1X(5)2 + 

(1X(5)*)2 + 42 + o2 

r(io) + 92 + r(8)2 + r(6) + 

T(5)2 + 1X(5)2 + (1X(5)*)2 + 

43 + 0 ^ 

U 2 AiT^ 

X < Ag via IX(6) 

ix(io) + ix(io)*+r(6)2 + 
1X(6) + 1X(6)* 

r(i2)3 + r(io) + r(8)2 + 

1X(6) + 1X(6)* + 43 + 2 + 0 

U 2 T 1 

X < A 7 via 1X(7) 

lX(12)+lX(12)*+r(8)2+42 

r(i6) +14 + r(i2) + r(io)2 + 

r(8) + 43 + 2 

Ui 
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X ^ AiA^ via 

iM ®H^(5)W + 

2M + (iM (g)r(8)H)2 + 

U2TI 


iM ® (VF(5)*)H +9W + 

(iM ®4H)2 + (iW)2 + 2-(io)W + 


(rs = 0) 

r(5)W +Ty(5)W + 
(iy(5)*)W 

(r(8)H)2 + r(6)H + (4H)3 + 0 


X ^ AiA'^ via 

iM ® H^(5)H + 

2 M + iW (g) gH + iM ^ t( 5)H + 

U2TI 

(iM,VF( 5)W) 

iM (8) (W^(5)*)H + 

iM ® VF(5)H + 

(r + 1 7^ s), 

(rs = 0) 

(r(8)H)2 + (4W)2 + 02 

iM ® (VF(5)*)H +r(io)W + 

UzTi 



(T(8)H)2 + r(6)H + (4H)3 + 0 

(r + 1 = s) 

X ^ A2A5 via 

2H (8)H^(5)H + 

4M + (2M (8)r(8)H)2 + 

1 

(2M,ty(5)H) 

2M ® (VF(5)*)H +9W + 

(2W ^4H)2 + 2M +r(10)H + 


{rs = 0) 

r(5)W 

r(6)W +4H 


X ^ via r(6) 

T{ 7 y + T{6y + W ( 5 ) + 

r(io) + r(7)4 + r(6)4 + 

AiTi 


VF(5)* + 0^ 

VF(5)2 + (VF(5)*)2 + 4 + 0^ 


X ^ D5 via T{8) 

W{ 10 )+ W{ 10 )* +T{8y + 

i4 + r(io) + VF(io)2 + 

U2A1T1 


42 + 0^ 

(vi^(io)*)2+r(8)2+r(6)+4^+o^ 


X ^ A1D5 via 

iM ® r(6)W + (lM)2 + 

2M + (iM g)7^(7)H)2 

Ti 

(lM,r(6)W) 

(T(7)W)2 + VF(5)W + 

iM (8)r(6)W + iM «)H^(5)H + 

(s ^ r,r + l), 

(rs = 0) 

(W(5)*)H 

iM (8) (VF(5)*)H +r(10)H + 

UiTi 



(T(6)H)2 + 4W +0 

(s = r + 1), 
U2T1 (s = r) 

X ^ A1D5 via 

iM (8)r(8)W + (lW)2 + 

2M + iW (g)'i4/(io)H + 

Ti 

(iW,r(8)W) 

W^(10)W + (Ty(10)*)W + 

iM (8) (Vi^(10)*)H + 


(rs = 0) 

(4H)2 

iM ®r(8)W + (iM (g)4W)2 + 

14H + r(io)H +r(6)H + 0 



Table 13: Non-G-cr subgroups of type Ai in G = Ej, p = 7. 


Non-G-cr subgroup X = Ai V 56 4- X 

L{G)iX 

Ccixy 

X < Ay via 1T(7) r(12)2 + T{8)^ 

T(16) -h T(14) -h r(12) -h r(10) 
T{8f + 6 

Ui 

X-^TliGa via (1,6) r(ll) + r(9)2 + r(7) 

r(i4) + r(io)4 + r(8)2 + 63 

1 

Table 14: Non-G-cr subgroups of type G 2 in G = Ey, p = 7. 


Non-G-cr subgroup X = G 2 

1^56; ^ hg) i X 

Ccixr 

X in no proper reductive overgroup (see Section I6.ip 

r( 20)2 r(ii)+ r( 20)+01 

Ui 
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Table 15; Non-G-cr subgroups of type Ai in G = Eg, p = 7. 


Non-G-cr subgroup X = Ai 

L{G)iX 

Ccixr 

X <A 7 via Wi?) 

r(i5)2 -h r(i4) -h r(i2)2 r(io) T{Qf + T{8f -h 
T{7f + 1T(7) + 1T(7)* + 6 + 0 

U 2 TI 

X < 7l'7 via W{7) 

r(16) + r(14) + T{l2f + T(10) + T{8y + 6 + 0^ 

U^Ai 

X < As via W (8) 

T{l8f + r(16) + T{Uf + T{10f + r(8) + 6^ + 2 

1 

X AiA'y via (iM, 1T(7)W) 
{rs = 0) 

2M + (iM (g,r(12)H)2 + (iM (g)T(8)H)2+r(16)W + 
r(i4)H + r(i2)H + r(io)W + (r(8)W)3 + oW 

Ui 

X < Dy via T{8) 

r(i4) +132 + r(ii)2 + r(io)2 + T{9f + T{8f + 
r(7)2 + W{7) + 1T(7)* + 63 + 0 

Ti 

X < Dy via r(10) 

r(i8) + r(i6)2 + r(i4) + it(i4) + it(i4)* + 

T(10)^ + r(8)2 +63 + 0 

Ti 

X < Dy via T(12) 

r(22) + 1T(21) + 1T(21)* + r(15)2 + r(14) + 

T(12)2 + r(10) + T(9)2 + 6 + 0 

U 2 T 1 

X > AiG^ < Ey via (1,6) 

r(i4) + r(ii)2 + r(io)4 + t{9)^ + r(8)2 + r(7)2 + 
63 +03 

2 M+ 1 W 0T(ii)H+(iM ®r(9)W)2+iM (gr(7)W+ 

Ai 

X A 1 A 1 G 2 < AyEy via 

1 (r ^ s). 

(lW,iW,6W) {rs = 0) 

r(i4)W + (r(io)W)4 + (r(8)W)2 + (6H)3 

Ui (r = s) 


Table 16 ; Non-G-cr 

subgroups of type G2 in G = ilis) 

p = 7. 

Non-G-cr subgroup X + G2 

L(G) iX 

Ccixy 

G2 < Ey 

r(ii) + r(20)® + 01 + oo 3 

U^Ay 

G2 ^ G2G2 < G2-F4 via (10,10) 

30 + r(ii) +11 + 013 

1 


Table 17; Non-simple, non-G-cr semisimple subgroups 


G 

p 

Non-G-cr semisimple subgroup 

Eq 

5 

AyAi < AyA^ where Ai < A^ via l+(5) 

Ey 

5 

^ 2^1 < ^ 2^5 where Ai < A^ via l+(5) 


5 

AiAi < A 2 A 5 where Ai < A 2 via 2 and Ay < A 5 via 1T(5) 


5 

^diyli < A 1 A 5 where Ai < A^ via 1T(5) 


5 

AiAi < AiA'^ where Ai < A'^ via l+(5) 


5 

AiAi < A 1 D 5 where Ay < via r(6) 


5 

Ay Ay < AyD^ where Ay < via T{ 8 ) 

Es 

7 

AyAy < Ay Ay where Ay < Ay via 1T(7) 


7 

AyAy < AyEy where yli AyG 2 < Ey via (1,6) 


7 

^iG 2 < AyEy where G 2 < Ey is non-iii 7 -cr 
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In the following table, recall from Section [ 8 ] that “oo-many classes” refers to the fact that a group 
of type AiTi contains infinitely many pairwise non-conjugate 1-dimensional tori, and so a non-G- 
cr simple subgroup with such a centraliser gives rise to infinitely many pairwise non-conjugate, 
non-G-cr reductive subgroups. 

Table 18: Non-G-cr reductive subgroups X with Z{X)° ^ 1 

G p Non-G-cr reductive subgroup X 
Eq 5 AiTi where Ai < A^ via IT(5) 

AiTi where Ai < via T( 6 ) 

AiTi where Ai < via T( 8 ) 

Ey 5 A 1 T 2 where Ai < A^ via IT(5) 

AiAiTi where Ai < A^ via W{5) 

AiTi where Ai < A^ via W{5) 

A 1 T 2 where Ai < A!^ via W{5) 

AiAiTi where Ai < A!^ via W{5) 

AiTi where Ai < Ag via 1T(5) (cx)-many classes) 

AiTi where Ai < Aq via W{<o) 

AiTi where Ai < A1A5 via (lM,lT(5)W) {rs = 0 ) 

AiTi where Ai < AiA'^ via (lM,lT(5)W) {rs = 0 ) 

A 1 T 2 where Ai < via T( 6 ) 

AiAiTi where Ai < via T( 6 ) 

AiTi where Ai < via T( 6 ) (oo-many classes) 

A 1 T 2 where Ai < via T( 8 ) 

AiAiTi where Ai < D^, via T( 8 ) 

AiTi where Ai < £>5 via T( 8 ) (oo-many classes) 

AiTi where via (lM,r( 6 )H) 

AiTi where Ai < AiDr^ via (lM,T( 8 )W) 

E^ 7 AiTi where Ai < A^ via W{7) 

AiTi where Ai < A'^ via W{7) 

AiTi where Ai < Dj via T( 8 ) 

AiTi where Ai < Dj via T(10) 

AiTi where Ai < Dj via T(12) 

AiTi where Ai < A 1 G 2 via ( 1 , 6 ) 

G 2 ri where G 2 < E^ is non-i? 7 -cr 
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11 Further module decompositions 


The following tables give the restrictions of certain //-modules to X for p = 5 or 7, when X is of 
type Ai and H is a certain semisimple subgroup of G containing X. These modules have been used 
implicitly in Sections HHT] and in calculating the given actions in Section fTOl The given structure 
has been calculated, and can be verified, in the manner described in Section M 


Table 19: Alternating Powers of Certain Ai-modules 


V 

N\v) 

A'(^) 

1 0 iH 

2 2M 

1 0 iH 

2M 0 l[*l 

4 M + 2 [’'l 0 2[*1 + 0 

4W g, iH + 3W + 2M 0 iW 


Table 20: Spin modules for D 4 restricted to irreducible subgroups of type Ai 


VDAXi)iX 


VDAXi)iX 

iW g iW + iW g iM 

iM g iN + iH g iM 

fW g iW -)- i[®] g iM ^or vice versa) 

3M 0 l[*l 

3M 0 iW 

4H _|_ 2 hi (or vice versa) 

4H + 21*1 

3M 0 iW 

3M 0 ihl 

6 + 0 (p = 7 ) 

6-/0 

6-/0 


Table 21: Spin modules for D 5 restricted to various subgroups of type Ai 


VD,{Xi)iX 

VD,{Xi)iX 

2 -b 2M -b 2W -b 0 

(I01M 0lhl)2 

2W + 2hl -b iW 0 iM 

iM 0 iW 0 iW + iM g iW g iM 

4W + lid g iW + 0 

3M g lid + 3W g iM 

4 -b 4 hl 

3 0 3M 

oH + 2 hl (p = 7 ) 

eld 0 lid + lid 

r(6) (p = 5 ) 

r( 7 ) + 1 P( 5 ) 

T(8) (p = 5 ) 

IT(IO) +4 


Table 22: Spin modules for Dq restricted to irreducible subgroups of type Ai 


VD,{Xi)iX _ 

iH 0 iW + iW (g) iM + 
iH (g) iH 

2 + 2 M 2[^1 2 W 


VDd>^5)iX _ 

iH g)iM g)iH + lW (g)iM + 

iH (g) iW (g) iM + iH (g) iM (g) iH 

(lOlM (8)lW (8)1W)2 


VD,{X6)iX _ 

iW (g) iW (g) iM + iW (g) iM g, iH + 
iW (g) iW (g) iH + iW (g) iM (g) iH 

same 
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2M (g) iW ® iW 

2M (g) 2[^1 + 2M 
3 M (g) iW + iM (g) iM 

4M +2W + iW (g) iM 
5M g) iW (p = 7) 
gM + 4^] (p = 7) 

gM + 1 ^] g iW + 0 (p = 7 ) 


4M g iW + 3H + 2M (g) 2M (g iW 

3M (g) iW <g iW + 3W <g iM (g iW 
3M g) iW (g iM +4M g) iM + 

2M g iM 

3M g it^l g iM + 3M g g iN 
r(8)M g iH + 3W 

gM g 3 ^] + 3 [^] 

gM g iW + gW g iM + iW g iW 


4M g iM + 3M + 2M g 21^1 g iW 

(or vice versa) 

same 

3 [’'] g 1 [^1 g 1 [“]+4 [’■] g 1 [‘1+2 [^1 g 1 [*] 

(or vice versa) 
same 

T(9)[^l + g 21^1 (or vice versa) 

same 

same 


Table 23: Spin modules for Di restricted to various subgroups of type Ai when p = 7 


Vd7(Ai);x _ 

2M + 2H +1W g iM + iH g iH 

3M g lid + 2W + 2M 

4M + lid g iW + iM g iH + 0 

4 M + 21*1 + 2 W + 2[“1 
4 M + 4 [d + 2 W + 0 
4M + 3[d g iW + 0 
4W _|_ 4[d _)_ iW g iM 
gM + 2[*1 + fW g iN 

6 + eM 

r(8) {p = 7) 
r(io) (p = 7) 
r(i2) ip = 7) 


VD,{XG)iX _ 

iM g fW g fW g iH + iM g iH g iM g iM + 

fW g lid g iW g iH + iM g iH g iM g iH 

31^1 g l[®l g iW g iM + 4M g iW g iN + 2[^1 g iM g iM 

3M g fW g l[“l + 3M g iW g iM + 3M g fW g iM + 3M g fW g 

(3M g iW g iW g iN)2 
(3M g 3 W gfW)^ 

31^1 g 3[®1 g iW + 31^1 g 4[®1 + 31^1 g 2W 
3M g 3W g iW + 3M g 3W g iM 
eM g iW g iW + eM g iW g iM + iH g iW + iw g 
6 g eM + 6 + eM + 0 

13 + r(ii) + r(9) + r(7) + it( 7) 
r(16) + lT(14)+r(8) + 6 
TT(21) +r(15) +r(9) 


Table 24: V 27 = V£;g(Ai) restricted to various subgroups of type Ai when p = 5,7 


X _ V27i^ _ 

X < AitIs via (iM,5'"') (p = V 1 ^ g 5^ + r(8)W + 0 

X < AiA via (lW,2W g iM) iM g 2^ g iW + 4^ + 2^ g 2^ + 0 

X < A 2 G 2 via ( 2 W, gW) (p = 7) 4 W + 2M g 6 ^ + 0 

X<413 via (2,2W, 2W) 2 g 2M + 2 g 2W + 2^ g 2^ 
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Table 25; V 56 = Ve^{M) restricted to various subgroups of type Ai when p = 7 


X 

X < AiDe 

X < AiAi via 

X < A1G2 via (iM, 6 W) 

X < G2C3 via ( 6 M, 5 '*') 

X < G2C3 via ( 6 M, 2 W ® iW) 


_ 

V 56 i AiDq = (1, Ai) + (0, Xq) 
gM (g, 3[s] + 4 M (g) ih] + 2 M (g) 5[^1 
3M (gigW + iM ^T(10)W 
eM (g,5W +r(9)W 
gM (g) 2[*1 (g) iW + 4[*1 (g) iW + 3 W 
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